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SHG calculated method and real-space atom-cutting technique. As early in 1963,
the formalism to calculate SHG coefficients based on band structure was proposed
[1]. However, due to the difficulty in dealing with the explicit divergence in the static
limit of their formula, the calculation was not practical until the 1990s when some
groups [2-6] greatly improved the evaluation methods. We made further improvement

on the static SHG formula and eliminate the terms that may cause divergence [7,8],
i.e., the SHG coefficient y*” is expressed as:
27 = ¥y (VE)+ x*” (VH) + " (twobands) (S1)

where »*(VE) and y*”(VH) devote the contributions from virtual-electron processes
and virtual-hole processes, respectively, and ;(“ﬁ7 (twobands) devote the contribution
to #* from two band processes. The formulae for calculating y*”(VE), »**(VH) and

7*P(twobands) are given as follows:

2™ (VH) =
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Here, «, fand yare Cartesian components, v and v’ denote valence bands, and ¢ and
¢’ denote conduction bands. P(afy) denotes full permutation and explicitly shows the

Kleinman symmetry of the SHG coefficients. The band energy difference and

momentum matrix elements are denoted as fiw; and p;, respectively, and they are

all implicitly k£ dependent.

It is well known that the band gap calculated by the local density approximation
is in general smaller than the experimental data. This error is due to the discontinuity
of exchange-correlation energy. Therefore, a scissors operator [9, 10] is usually
introduced to shift all the conduction bands in order to agree with the measured value

of the band gap. Assuming that the r,, matrix elements are unchanged, the
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momentum matrix elements should be renormalized regarding the change of the

Hamiltonian in a way given by [11]

AIR(S. —
Pum = P O + AT 1O, = ) (11)
(0]

nm

where the subscript ¢ in the Kroneckers represents conduction band, and the ( &,c-nc)
factor restricts the correction to pairs of bands only involving one valence and one
conduction-band state.

To analyze the contribution of an ion (or cluster) to the n-th order susceptibility
7™, we present a model called the real-space atom-cutting method. In the calculation
we divide the real space into individual zones, each of which contains an ion. For
simplicity, we define the zones to be spheres centered on a specific ion. When we set
the band wave function to zero in the zones that belong to a specific ion (which we
refer to as “cutting”), the contribution of the ion is assumed to be cut away. Therefore,
the contribution of an ion is extracted when we cut other ions from the total wave
functions. For example, if the contribution of ion A to the nth-order susceptibility is
denoted as 7"’(A), we can obtain it by cutting all ions except A from the original

wave functions, 1. e.,

(n) _ ., (n)
ZA _ZAllionsexptAarecut (13)

The definition of the boundary of two nearest ions is given by the points at which the
charge density in real space reaches a local minimum. By this strategy, the cutting
radius of two nearest ions can be determined. The real-space atom-cutting method
allows us to calculate the optical coefficients of cations or anionic groups separately.
It is because that the overlap of wave functions between cations and anionic groups is
very small, and the dipole transition between off-site atoms is much smaller than that
of intra-atomic transitions, so its contribution to the optical response can be neglected
in the first-order approximation. The validity of the real-space atom-cutting technique

has been stringently tested in many NLO crystals [12].
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Table S1. The refined results of cell lattice parameters by Le Bail fitting of

0-B1..REB304 powder samples (RE = La, Ce, Pr, Nd, x < 0.15) obtained by sol-gel

method.
Composition a(A) b(A) ¢ (A) V(A%
0-BigogoLag010B30s  18.447 4.4492 4.2792 351.23
0-Bigo7sLag02sB30s  18.446 4.4493 4.2800 351.26
0-BigosoLagosoB30s  18.444 4.4498 4.2799 351.27
0-BigoasLagg75B30s  18.442 4.4504 4.2808 351.34
0-BigoooLag100B30s  18.442 4.4510 4.2819 351.48
0-BiggrsLag125B30s  18.440 4.4519 4.2828 351.59
0-BiggsoLag150B30s  18.442 4.4528 4.2834 351.74

0-Bip.990Ce0.010B30s  18.446 4.4488 4.2788 351.15
0-Bigg75Ce 0.025B30s  18.445 4.4489 4.2791 351.15
0-Biggs50Ce 0050B30s  18.444 4.4492 4.2795 351.19
0-Bigg25Ce 0075B30s  18.446 4.4496 4.2799 351.27
0-BipgooCe 0.100B30s  18.443 4.4500 4.2807 351.33
0-Bigg75Ce 0.125B30s  18.443 4.4504 4.2811 351.39
0-Bigss50Ce 0.150B30s  18.444 4.4509 4.2814 351.47

0-Bi.990P10.010B306 18.436 4.4482 4.2796 350.96
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0-Big.975Pr0.02sB30s  18.440 4.4483 4.2788 350.98
0-BigosoPro0s50B30s  18.434 4.4488 4.2796 350.97
0-Big.925Pro07sB30s  18.436 4.4490 4.2798 351.04
0-Big.900Pr0.100B30s  18.434 4.4492 4.2803 351.05
0-Bigg75Pro12sB30s  18.444 4.4489 4.2792 351.14
0-BiggsoProi50B3O0s  18.449 4.4491 4.2794 351.26

0-Big.99oNdo010B30s  18.448 4.4492 4.2790 351.23
0-Big975sNd 0.025B306s  18.442 4.4485 4.2786 351.02
0-Bi.os0Nd 0.050B306¢  18.439 4.4483 4.2791 350.97
0-Bip92sNd 9075B306s  18.434 4.4482 4.2789 350.87
0-Bip.oooNd 0.100B30s  18.430 4.4475 4.2790 350.73
0-Bigg7sNd 9.125B30s  18.436 4.4472 4.2774 350.69
0-BipssoNd 0.150B306  18.427 4.4468 4.2781 350.55

Table S2 Crystallographic parameters from literatures: J. S. Knyrim, P. Becker, D.
Johrendt, H. Huppertz, Angew. Chem. Int. Ed. 2006, 45, 8§239-8241; H. Emme, C.
Despotopoulou, H. Huppertz, Z. Anorg. Allg. Chem., 2004, 630, 2450-2457.

Composition a(A) b(A) c(A) V(A% Method

0-BiB30¢ 18.448(4) 4.4495(9) 4.2806(9) 351.4(2) Single crystal XRD
d-LaB;0¢ 18.482(5) 4.4781(7) 4.308(2) 356.55(9) Powder XRD
0-CeB30¢ 18.442(9) 4.461(2) 4.294(2) 354.2(2) Single crystal XRD
0-PrB;0q 18.381(6) 4.4464(7) 4.278(2) 349.6(2) Powder XRD
0-NdB;0¢ 18.348(7) 4.4394(8) 4.272(2) 348.0(2) Powder XRD

x101

Lens Mode:Hybrid Resolution:Pass energy 40  Anode:Mono(Al (Mono))(225 W)

Step(meV): 100.0  Dwell(ms): 500 Sweeps: 4 Acquisition Time(s): 1102
8% Name Pos. FWHM Area  At%
Ce3d_(IlI) 88576 395 62527 100. 00
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Figure S1. X-ray photoelectron spectrum of Ce cation.
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Figure S2. Le Bail ﬁttings of two samples, 0-BiggsLag 15B306 and 8-Big gsNdg 15B306

are quite good, and there is no sign of being multiphase for both samples. The first

peak at low angle is not included during the refinements because the graphite

monochromated XRD usually leads to strongly asymmetric peaks at low angle. These

two samples possess the largest and the smallest cell volumes among all 28 samples
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reported in our paper. The bottom figure shows the comparison of XRD patterns of
above two samples (after the subtraction of the zero shifts). The peak positions, which
reflect the cell lattice parameters, are not the same. This evidently shows that these

two samples have different cell volumes but the difference is really small.

a) 8-Bi,_LaB.0,x=—0 b) 3-Bi, Ce B,0, x =——0.010
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Figure S3. The DSC curves of the title samples. Only part of the curves (above
500 °C) is shown for clarity.Some of the curves are shifted upwards or downwards for

better comparison.

05 pm N L

Figure S4. The TEM image of 6-Biy9Ndy.1B3O¢ (a) and its Bi/Nd distributions
detected by EDX (b) Bi, (c) Nd. The right bottom figure is the overlay of Bi/Nd EDX

results, which gives an atomic ratio of 91.52:8.48.
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Figure S5. EDX analysis of 8-Bi0.9Nd0‘1B306.
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Figure S6. EDX analysis of 6-Bi0‘9L80.10B3O6.
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