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1 Models of σS positive regulation by DsrA
We considered a simple rate equation model of rpoS activation by DsrA, similar to
other existing models of negative regulation by sRNAs in bacteria [1–4] and miRNAs
in mammalian cells [5]. In the first version of the model we take into account the
dynamics of four molecular species: D(free DsrA), r(free it rpos mRNA), c(rpos/DsrA
complex) and R(RpoS or σS protein), which can change according to the following
biochemical reactions:

1) Transcription of DsrA and rpoS RNAs:

∅ αD−→ D,

∅ αr−→ r,

(1.1)

where the transcription rates αD and αr are not known and should be fitted from the
quantification data. Since DsrA transcription increases with temperature [6], we as-
sume a general temperature dependence for DsrA transcription rate:

αD(T ) =
α0

1 + (T/KT )nT
(1.2)

This functional form seems appropriate in view of the quantification data for DsrA (see
main text).

2) Association/dissociation of DsrA/rpos mRNA:

D + r
k+−→ c,
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c
k−−→ D + r,

(1.3)

In previous modeling work it has been assumed that complex association and dis-
sociation are fast reactions and thus in equilibrium with respect to transcription and
degradation reactions. Recent in vitro studies by FRET of the annealing dynamics of
DsrA and rpoS mediated by Hfq have shown that this is a sequential process involving
binding to Hfq, unwinding of RNA and rpoS and annealing, with slow time scales for
unwinding and annealing on Hfq of the order of minutes [7]. Therefore we take fully
into account both reactions in our model. We note that fast equilibrium approximation
does not affect steady state levels of the molecular species, but will change the response
at short times.

4) RpoS translation from the active c complex, and degradation reactions.

c
βR−→ R+ c,

(1.4)

D
δD−→ ∅,

r
δr−→ ∅,

c
δc−→ ∅,

P
δP−→ ∅,

(1.5)

The time evolution of the four molecular species is given by the set of ordinary
differential equations:

dD

dt
= αD(T ) + k− · c− k+ ·D · r − δDD + (1− p)δcc, (1.6)

dr

dt
= αr + k− · c− k+ ·D · r − δrr, (1.7)

dc

dt
= k+ ·D · r − k− · c− δcc, (1.8)

dR

dt
= βR · c− δRR (1.9)

The parameter p takes into account the possibility of selective degradation of the
sRNA/mRNA duplex [8],that is, p is the probability that degradation of the mRNA in
the complex is accompanied by degradation of the sRNA. In the main text we use p = 1
(stoichiometric degradation of the duplex).

The steady state levels of the different species can be expressed in terms of the
kinetic rates as

D∗ =
p

2δD

(αD
p
− αr − λ

)
+

√(
αD
p
− αr − λ

)2

+ 4λ
αD
p

 , (1.10)
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r∗ =
1

2δr

(αr − αD
p
− λ

)
+

√(
αr −

αD
p
− λ
)2

+ 4λαr

 , (1.11)

c∗ =
1

2δc

(αr +
αD
p

+ λ

)
−

√(
αr −

αD
p

+ λ

)2

+ 4λ
αD
p

 (1.12)

where the asterisk denote steady states and

λ =
δrδD
pK

, (1.13)

K =
δck+
k− + δc

(1.14)

can be understood as a ’leakage’ rate giving total RNA turnover not due to duplex
formation, and an effective complex association constant respectively [1]. Notice that
from a fitting to steady state levels as in main text we can only estimate K, but not
individual association/dissociation rates k+/k−.

It is interesting to compare the response of our DsrA/rpoS system to other cases
of negative regulation by sRNAs, where a threshold-linear behavior is observed as a
function of the target mRNA transcription rate for strong complex association(large
K) [1, 5]. In our case, the response to temperature stress is dictated by the amount of
active complex c. If λ << 1, Eq. (1.12) shows two well differentiated regimes:

1) For αD < αr (DsrA transcription rate smaller than rpoS transcription), c∗ '
αD/δc, implying a linear increase of the active duplex with αD (tuned by temperature).

2) For αD > αr, c∗ ' αr/δc, so that c∗ level is constant (independent of αD).

For smaller λ this linear-threshold behavior (opposite to sRNA repression) will be
smoothened. We show this in Figure S2A, where all the parameters have been fixed to
the experimentally obtained values (Table 2 in main text) exceptK, which is allowed to
change in the range [0.1, 1000], and the DsrA transcription rate αD. Production of the
active complex c∗ for the values ofK and αD obtained from the fitting to experimental
data (with αD dependent on temperature in the range T ∈ [10, 42]◦C) is shown with
dashed lines. We see that σS induction in vivo lies in an intermediate regime with
approximately linear increase in c∗ production far from saturation. This is because the
threshold for saturation is set by rpoS transcription rate (αr) which is larger than αD
and never reached in physiological conditions.

This fact also allows the system to be sensitive to changes in temperature. The sen-
sitivity can be defined as the logarithmic gain of the product with respect to the input.
We thus take as product the concentration of active complex, c∗, and as input the (tem-
perature dependent) DsrA transcription rate, so that sensitivity = d log c∗/d logαD
[1,9]. In Figure S2B we plot the sensitivity for the sameK values as in Figure S2A. We
note that, in stark contrast to other systems with mRNAs acting as postranscriptional
repressors [1], where sensitivity in the target mRNA can be >> 1 at the threshold, in
post-transcriptional activation the maximum gain for the active complex is limited to
1 (achieved in the linear regime below threshold, which can be seen taking derivatives
from Eq.(1.12)). In spite of this smaller sensitivity for positive regulatory dynamics,
physiological conditions keep the system in the regime with relatively high sensitivity
(dashed line in Figure S2B).
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1.1 Model with DsrA oligomer formation.
Taking into account the possibility that free DsrA monomers can associate to form
oligomers, we must include oligomer association/dissociation reactions

nD
ka−→ Dn,

Dn
kd−→ nD.

(1.15)

Then we have a new variable, Dn, which is the oligomer concentration, and Eqs.
(1.6-1.9) now read:

dD

dt
= αD(T ) + k−c+ nkdDn − k+D · r − kaDn − δDD, (1.16)

dDn

dt
= kaD

n − kdDn − δoDn, (1.17)

dr

dt
= αr + k−c− k+D · r − δrr, (1.18)

dc

dt
= k+D · r − k−c− δcc, (1.19)

dR

dt
= βR · c− δRR (1.20)

Eqns. (1.18-1.20) are the same as the previous Eqs. (1.7-1.9), since we assume
that only DsrA monomers form heteroduplex with rpoS to initiate RpoS transcription.
Oligomers can be degraded independently from monomers (with rate δo) [10]. The
steady-state values of the different molecular species depend on the same parameters
used for the simplified model in Eqs. (1.6-1.9), and three new parameters: the oligomer
degradation rate δo, the oligomer length n, and the net oligomer association rate defined
in analogy to Eq. (1.14),

Ko =
δoka
kd + δo

(1.21)

Steady state solutions for free DsrA and rpoS can be found solving the following
equations:

αD(T )−KD · r − nKoD
n − δDD = 0, (1.22)

αr −KD · r − δrr = 0 (1.23)

which are similar to the steady state equations in the case that DsrA is only in monomeric
form except for the ’non-linear degradation’ term nKoD

n. Solution of Eqs. (1.22-
1.23) is not analytic for a general value of n, so we solve them numerically to find the
steady-state levels of all the molecular species. Since we checked that polymers could
be detected by our RT-qPCR assay(see main text), the quantities fitted to experimental
points are now the total amounts of rpoS and DsrA including polymer,

Dt = D + nDn + c,

rt = r + c,

(1.24)
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As expected from the low levels of total DsrA measured in cells, we found that
for compatibility of fitting with known parameters and quantification data, two condi-
tions should be met: first, that polymer halflife should be much shorter than monomer
halflife, as it was found experimentally in vitro in Ref. [10]. Second, only oligomers
with low copy number (dimers-tetramers at most) were able to reasonably fit quantifi-
cation data.

2 Role of duplex reversibility in response dynamics.
For duplex association mediated by Hfq, our only experimentally accessible parameter
is the effective association constant K given by Eq. (1.14). Individual association and
dissociation constants, k+/k−, cannot be uniquely determined but are interdependent.
For the experimentally fitted value ofK (Table 2 in main text), we vary the dissociation
constant k− in a wide range and calculate the corresponding k+ value (Figure S3A).
We distinguish two regimes: one where the association rate constant is much larger
than the dissociation (k+ > 100k−, left of the dashed blue line in Figure S3A), so that
the duplex is essentially irreversible at any DsrA concentration, and a regime where
k− > k+ (right of dashed red line in Figure S3A), and thus duplex formation can
be considered a reversible process. In this last case the dissociation rate should be
k− > 10 h−1. When applying the same criterium for different values of the effective
constant K, we find that for K & 14 nM−1.h−1 there is no reversible regime in the k−
range studied.

To study the influence of reversibility on the dynamics, we calculate the activation
and deactivation times for the σS protein as a function of the temperature change (as
in Figure 4 in main text), for a large range of the complex dissociation constant. The
activation and recovery times are plotted as color maps in Figure S3B and S3C re-
spectively. We see that in the whole irreversible regime dynamics is unaffected by the
particular value of k−, but both activation and recovery times become slightly faster in
the reversible regime (k− > 10).

3 Noise analysis of σS induction by DsrA
We calculated intrinsic noise in steady-state levels of active DsrA/rpoS complex and σS

protein using both exact stochastic simulation of all the biochemical reactions involved
with a Monte Carlo algorithm [11], and a linear noise approximation for the dynamics
[12]. The linear noise approximation gives the covariance matrix of the fluctuations
around steady states by solving the algebraic Lyapunov equation:

M · σ + σ ·MT +D = 0, (3.25)

whereM is the normalized Jacobian matrix, whose elements are defined as [12]

Mij =
n̄j
n̄i

(
∂J̄+

i

∂n̄j
− ∂J̄−

i

∂n̄j

)
, (3.26)

with n̄i the macroscopic concentration of the ith molecular species at equilibrium and
J̄−
i /J̄

+
i the total degradation and synthesis rates at equilibrium. σ is the matrix of

normalized covariances, σij = 〈(ni− n̄j)(nj− n̄j)〉/n̄in̄j (note that σii is the squared
coefficient of variation for fluctuations of the i component), andD the diffusion matrix

5

Electronic Supplementary Material (ESI) for Molecular BioSystems
This journal is © The Royal Society of Chemistry 2012



whose elements depend on the reaction fluxes, system size and stoichiometric coeffi-
cients [12, 13]. We can obtain the Jacobian matrix Eq. (3.26) and the diffusion matrix
readily from the mass action law equations (1.9) and reactions (1.1,1.3-1.5). Then the
Lyapunov equation (3.25) is numerically solved using subroutine lyap in MATLAB,
MathWorks. We note that, contrary to simple models of gene expression or regulation
by transcription factors [12, 14], the diffusion matrix is not diagonal due the coupling
between DsrA and rpoS to form the duplex, and Eq. (3.25) has not direct analytic
solution. However, if DsrA and rpoS fluctuations can be approximately assumed as
decoupled, as suggested by Figure 5B in main text, and noise in σS protein is only
affected by the propagation of fluctuations in the active duplex, we may consider Eq.
(3.25) as effectively two-dimensional (taking into account only duplex and protein fluc-
tuations) with diagonal diffusion matrix, which can be easily solved [13] and gives
protein noise by Eq. (5) in main text.

The linear noise approximation has the advantage that noise amplitudes can be
computed very efficiently, although it is in principle restricted to small size fluctuations.
We have however found an excellent agreement between our numerical simulations and
the result of the linear noise approximation in our system, for the whole physiological
range of temperature variation (Figure 5 in main text). We thus use this approximation
to systematically explore the role that the dissociation constant plays on the intrinsic
noise (as in the previous section for the response times).

Consistent with the results of the previous section and the approximate Eq. (5)
in main text, we see in Figure S4 that noise (both coefficient of variation and Fano
factor) is unaffected by the value of the dissociation constant as long as the duplex is
irreversible. For large values of k−, however, the duplex becomes reversible and cor-
relations between DsrA and rpoS fluctuations start to be significant, decreasing noise
in protein production. A similar effect of correlations between molecular species has
been observed in the context of signal detection by simple biochemical networks [15].
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Fig. S1: Hybridization region of the oligonucleotides used for the quantification of
DsrA. Oligonucleotides for reverse transcription and amplification (black arrows) were
chosen in order to amplify most of the DsrA cDNA sequence, to prevent the formation
of primer dimers (top) and to avoid as much as possible the priming in the polymer-
ization region (bottom). (RNA structures were derived from RNAfold web server pre-
dictions, http://rna.tbi.univie.ac.at/cgi-bin/RNAfold.cgi; computer-predicted structure
may differ with nuclease footprint structures).
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Fig. S2: Response properties of the DsrA/rpoS system as a function of the DsrA tran-
scription rate for different values of the effective duplex association constant K (see
text). The values of the rest of the parameters are taken from the experimental fits.
Vertical thin lines mark the value of the rpoS transcription rate (Table 2). Dashed lines
show the behavior given for the experimentally fitted values of K and αD, in a tem-
perature range T ∈ [10, 42]◦C. A. Steady state levels of the active DsrA/rpoS duplex
as a function of DsrA transcription rate(which in turn is modulated by temperature) for
different values of the effective complex association constant K. Dashed lines: Active
duplex levels for the experimentally fitted values ofK and αD in the temperature range
[10, 42]◦. B. Sensitivity of the active complex as a function of DsrA transcription rate
for the same K values as in panel A.
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Fig. S3: Role of duplex reversibility in response times. A. Duplex association con-
stant as a function of dissociation rate, for a value of the effective association constant
K = 4.6 nM−1.h−1 (fitted to experiments). Dashed blue line marks the limit where
k+ ≥ 100k−. Red line denotes the limit of k− > k+. B. σS activation time as a
function of temperature and dissociation constant. C. σS recovery time as a function
of temperature and dissociation constant.

Fig. S4: Role of duplex reversibility on intrinsic noise. A. Noise coefficient of
variation for σS protein as a function of temperature and complex dissociation constant
k−. B. Fano factor as a function of temperature and k−. Degradation of DsrA is
considered independent of temperature, but qualitatively a similar behavior is observed
for a temperature dependent degradation rate, with the exception that noise increases
at high temperatures (see Figure 5A in main text).
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