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Modeling of the temperature distribution in an ionic polymer

under an electrically biased AFM tip

The numerical modeling to estimate the temperature inerdas to Joule heating of the poly-
mer film was performed using the Joule heating module of the SOMfinite element analysis
package. Figure S1 displays a layout of the model in the wycof the tip apex and a map of
the thermal distribution for the material parameter valaeslisted in Table S1. The model is
two-dimensional axi-symmetric and the overall size is :iwadr, is 5um, and height is pm.
The AFM tip is modeled as a disk electrode with a radius ofrk@@n top of the polymer film as
shown in Figure S1. The gold layer is the bottom electrodeud). The tip bias for the thermal
distribution shown in  Figure S1 was equal to 10 V. The bouydandition at all outer boundaries
of the model (top of the polymer layer, bottom of the §i@nd all boundaries at= 5um) are
for thermal insulation. Such boundary conditions resutiverestimation of the temperature. The
thermal conductivity of the polymer in Table S1 is below tbeér values found in literature for
similar polymers. In turn, electrical conductivity is aleathe upper values found in literature. This
choice of parameter values results in overestimation optilgmer temperature in the model as
well.

Table S1: Material parameter values used in the finite elemedel

Polymer Gold SiQ
Thermal conductivity, k [W/(m K)] ~ 10° 317.6 1.4

Heat capacity, g, [J/(kg K)] 0.03 129 730
Electrical conductivityg, [S/m] 104 45x10° 0
Density,p, [kg/m®] 1300 19280 2200
Relative permittivity,e 2.5 1.0 4.2
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Figure S1: The right part of the figure shows a layout of theadielement model; on the left, is
the temperature distribution map for the conditions asmlesd in the text.

Estimates of ionic conductivity using scanning probe microscopy

measur ements

We have estimated ionic conductivity of the PolylL films igimg the non-linear effects resulting
from the dissociation of ions. Using Ohm'’s law in the steathtes conductivity is given by the
relationo = 1(e) /E = ()S/SE, wherel (o) is the steady state currguer unit area, Sis the area

of the current-collecting electrode (= area of the tip intechwith the PolylL film) anckE is the
applied electric field. The latter is estimated by using #lation € =V /L,L being the distance
between the electrodes) and ignores non-linear effectstiregs from screening.L is estimated
using the Z-profiles and corrections due to plunging of thé&/&kp and reduction in the distance
between electrodes are included in the estimag&s estimated to be equal to the surface area
of a cylinder of the same radius as the tip 25nm). For the results presented in Table S2,
S= mr? 4 2mr (300— L) nn? so thatr = 25nm. Based on these assumptions, estimates of ionic

conductivity are obtained and presented in Table S2.



Table S2: Estimates of ionic conductivity of the PolylL ugsteady state parameters

\Voltage Steady state current Sample thickness lonic conductivity

V[V] (1(0)S) [PA] L [nm] o, [S/m]
4 0.0679 300 B9x 106
5 0.0658 300 D1x 106
6 0.2477 300 B1x 10°°
10 0.7029 300 D7x10°°
15 2.6144 287 P5x 107>
20 5.4201 258 a47x10°°
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Figure S2: (a) Applied voltage (red) and the Z-profile (blaftk negative bias; (b) Current re-
sponse (red) measured-ab% RH during application of the triangular bias waveform ¢kawith
the magnitude of 25 V shows reversible nature of the cuwvetigge relation.

DC conductivity using broadband dielectric spectroscopy mea-

surements

The dc conductivity (shown in Figure S3) was determined ftbenplateau value of the real part
of the complex conductivity function as explained in R&&The glass transition temperatuiig)
was determined as 326 K using a Mettler-Toledo DSC 822eioadder with cooling and heating

rates of 10 K/min.
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Figure S3: The dc conductivitygy, of the polymerized ionic liquid measured by broadband
dielectric spectroscopy as a function of the inverse teatpes.

lon transport: Poisson-Nernst-Planck (PNP) description

We have studied the kinetics of charging as well as steadg stéations between ionic current
and applied voltage in films of PolylLs using the PoissonfsePlanck (PNP) formalist.The

general treatment for the ion transport in a two componestiesy is presented below. For com-
parison with experiments, we have ignored the curvatura@SPM tip and calculations are done
under the assumption of azimuthal symmetry. Current perarei is computed using the PNP

formalism and the area of the SPM tip is used to compute theuregnt.

Poisson-Nernst-Planck (PNP) formalism for a two component system

Let us consider a polymerized ionic liquid film under an aggblvoltage bias. Furthermore, let
us assume that dominant contribution to ionic current ferfilm results from transport of disso-
ciated/“free” counterions. For describing the currenitage relation for the film, we have used
the PNP formalism for given counterion concentration on each side of the film. Comparigon
predictions obtained from the PNP formalism with experitabourrent-voltage curves allows us

to extract the concentration of counterions on each sideeofilm.



For the film under an applied voltage bias, we consider twadkiof ions, positive (cations)
and negative (anions), contributing to ion transport. absence of any reactions, ion transport
is governed by conservation of mass, written as contingjtyaéon in the form

aci(r,t)
ot

= —0-Ji(r,t) for i=+ (S1)

wherec;(r,t) andJ;(r,t) are the number density (per unit volume) and flux (per unitpoé ions
of typei = + at a location described by the position veatat timet, respectively. The latter is

given by
Ji(r,t) = —Di0ci(r,t) = &ci(r,t)Ow(r,t) (S2)

where the first term on the right hand side quantifies cortinhurom diffusion and the second
term is the convective part resulting from an applied eledteld. D; and ¢; are the diffusion
constant and electrophoretic mobility of ions of tyipeespectively. Furthermorey(r,t) is the

electrostatic potential atat timet, described by the Poisson equation

OEOD(LY] = — Y ae(ry (s3)

whereg(r) is the position-dependent dielectric functianjs the valency (with sign) of ions of
typei = + andeis the charge of an electron. Using the definition that ionicent is the flux of

charges, we can write theet local current (per unit area) as

I(rvt) = _ZlLIi(rvt):_%ZieJi(nt) (S4)

In principle, one should solve the Poisson equation andimaity equations with flux given by
diffusion and convective terms in a self-consistent martioatescribe current-voltage relations.

However, in this work, we are interested in the kinetics arge build-up due to ion transport and



extracting concentration of counterions on each side diiltindoy a comparison with experiments.
For such purposes, we have done a linear response caloulatithe kinetics of charge build-up
followed by a one-dimensional steady state analysis focthlieent in terms of local electrostatic

potential.

Kinetics of charge build up : linear response analysis

In this section, we present a linear response analysis &r ¢ocjain insight into kinetics of charge
build up. The governing equations are Eqs. S1- S3, whichslead
ze

= D chi(r,t)—|—ﬁD.{ci(r,t)Dw(r,t)} for i=+ (S5)
B

aci(r,t)
ot

where we have used Einstein’s relation between electr@pleanobility and diffusion constant,
written asé; = zeD;/kgT, wherekgT is the Boltzmann’s constant times temperature. Also, we
assume that relative permittivity is independent of posit{i.e., £(r) = €) so that the Poisson

equation becomes (cf. Eq. S3)

e0PY(r,t) = —_%aeq(r,t) (S6)

Let us consider a scenario where a small voltage bias iseapplvhich leads to a small per-
tubrabtion in local concentration. For such a scenario, arewriteci(r,t) = (c;) + oci(r,t) so
that electroneutrality is satisfied in the absence of agdies i.e.,>;_. z(ci) = 0. Noting that
oci(r,t) andddci(r,t) are infinitesimal in the linear response analysis, we catevei. Eq. S5)

gojki_r<ci>{i;zie5q(r,t)}] for i=+ (S7)

where we have neglected second degree terms of thedof(n,t) anddc;i(r’,t).0¢(r,t) on the

a2o¢i(r,t)

ot = D |0%3¢(r,t) —

right hand side.



Let us consider two new functions constructed to decougsdltwo equations:

h(r,t) = dcy(r,t)+dc_(r,t) (S8)

g(r,t) = ocy(r,t)—aoc_(r,t) (S9)

whereh(r,t) andg(r,t) quantifies fluctuations in the total number density and chatensity

(= 2eg(r,t) so thatz, = —z_ = 2), respectively, at locationat timet. Eqs. S7 can be written in

terms of these functions as (usif@.) = (c_) = (C))

0 [dc(r,t) oc (r,t)]
dt[ D. + D = [Oh(r,t) (S10)
9 [dcy(r,t) dc_(r,t)] 27°¢?
5| oot -2 — ey - 2 @ain (s11)
lonic current is given by the relation
zedggt’U TR (S12)

which is obtained from Eqs. S1 and S4. In order to computeuhet, we consider two limiting

cases of near symmetric and highly asymmetric diffusiomenfollowing.

Near symmetric diffusion: D, ~D_

Note that Eqs. S10- S11 can be written as

%HD—1++D—1_}h(r,t)+{D—1+—D—1_}g(r,t)} = 20%h(r,t) (S13)
%HD—lJr—D—l_}h(r,t)+{D—1++D—1_}g(r,t)} = 2[0% -k g(r,1) (S14)

27¢?
wherek? = Z£&- (c).

For D, ~ D_, we can neglect the terms with prefactoréf — D% in the above equations.



Neglecting these terms, we get

oh(r,t)  2D,D_

2
st~ D,+p Y (S15)
og(r,t) _ 2D.D_ [ )
%~ D, yp_ L9ry-—Kry) (S16)

Highly asymmetric diffusion: D, < D_and Dy — 0

In this case, we can take the approximation that slow moviegigs is in steady state in contrast
to the other moving species i.e., we assumeiﬁ%{i) =0inEgs. S10-S11. This approximation

allows us to writey(r,t) in the form (cf. Eq. S11)

dggt’t) — D_[02- k¥ g(r.1) (S17)

along with the relation 225c¢, (r,t) = kg(r,t).

The above two limiting cases reveal that for the calculatibionic current, we need to solve

ag(r,t)

5 =D (02— k%] g(r,t) (S18)

whereD = 2D, D_ /(D + D_) for the near symmetric diffusion case ad= D_ for the highly
asymmetric diffusion. For one dimensional variation ala@xis in charge density, we consider a
current blocking metallic electrode so that flux is zero atshrface and solution containing ions
at concentratioric) far from the electrode. A zero flux condition at the surfa@elketo the bound-
ary condition for charge a%%} 0 —%3, whereQ is the surface charge density. With these
boundary conditions, the solution of Eq. S18 can be obtairsgug the Laplace transformation

and is given by
d(zt) = g—; {exp[—kZ erfc[z—t] — exp[kZ erfc[z+1]} (S19)

wherez = 2\/Zﬁ,t_: V k2Dt and erfc is the complementary error functien1 — erf, erf being the




error function). For the one-dimensional system, currentymit area becomes (cf. Eq. S12)

5.09(zt)  dl(zY)
R TE 0z (520)

which can be readily integrated ovemranging fromeo to any arbitrary value ok = z. The

integration gives

D

A e

1(zo,t) = I(oo,t)+k?QDexp[—k?Dt] [l—Erf[

As the current is collected by the electrode at 0, we have used Eq. S21 fay= 0 for compar-

ison with experimental results. Fay =0, Eq. S21 becomes

1(0,t) = I(oo,t) +$exp[—ﬂ (S22)

where we have introduced a characteristic timef¢r charging in the fornt = 1/ [k2D].

Fort > 1,1(0,t) =1(,t) i.e., the current becomes independent of location. Algbgiturrent
becomes independent of tint¢ e can construct the so-called steady state values fon giygtem
parameters. In the following, we present a steady statgsindbr current and write it as a function

of the local electrostatic potential for the one-dimenal@ystem.

Steady state analysis for one dimensional system

At steady statel;(r,t) = I i.e., current becomes independent of location and timeghylin turn,
means thaf% = 0. For one dimensional variation in the electrostatic piéalongz direction,
we need to solve for flux given by (cf. Eq. S2)

[dci(2) n ze

It = J(2)=-D () (S23)

9z et P oz

10



where we have usefl = zeD; /kgT, ci(r,t) = ci(2), ¢(r,t) = Y(z) andci(z) is the number of ions

of typei per unit volume. Using Egs. S4 and S23, the equation for ntio@n be written as

= —zeDiexp [—Ziil:éz)] 0% {Ci(Z) exp[ziiléjT(z)] } (S24)

For steady statg(z) = l;, this equation can be readily intergrated over the thickreéghe film

(=L) to give

ci(L )exp[ze"’( )} Ci(O)eXp[Z‘iL:.I(.O)}

"o I dzexp[ Ll }

(S25)

Comparison with experiments

In order to extract information regarding concentratiomos on each side of the film, we use Eq.
S25 to fit the experimental data for steady state current ascidn of applied voltage. For the
experiments done on films containing the polymerized ioiguaidl, voltage bias is applied locally
using an AFM tip and the electrostatic potential inside tha tan be inferred by solving the
standard electrostatic problem for a given tip geometryapyutopriate boundary conditions. Due
to the fact that the electrostatic potential depends oniphgetometry, the current-voltage relation
also depends on the tip geometry via Eq. S25.

In this work, we use the fact that the effects of applied bi@smaost prominent near the tip.
Thus, we use a Taylor expansion around the location of tig epperite the electrostatic potential

as

W(z) = w(o) + Fg;z)} B z+% {dd‘g( )] Z_Oz2 (S26)

The functional form for the coefflclenté.',&,—Z and ( 2) at the tip apex can be inferred by approx-

imating the tip as an hyperboloid. Solving the Laplace eigudor a hyperboloid-plane geometry

11



so that the apex is at= a from z= 0 plane, the electrostatic potential is given by

W(z) = wia)+ ‘”(l?[%’](a) {m [i g] +In {%ZH (S27)

where the hyperboloid is defined by

2 r2

so thatr? = y? + X2 is the radial co-ordinate. Alsa? = a?+ b? and

2 2, 212 2
202 = 14" ;Zz—\/{lﬂ “} Az (S29)

c? c?

Using Egs. S27 and 825# and%@ at the tip apex (i.ez=a,r = 0) are given by

0 2 _ 0

) - ek 550
0°Y(2) B dac  (a)— (0)
[ 07 L_a  c(c2—a?)? In[&2] (S31)

Note that—% is the electric field along positive z-axis. Fap(a) — ¢(0)] > 0, a‘f;f) >0 at
z = a, which means that the electric field lines point away from &ipex (i.e., along negative
Z-axis).

We use Eqs. S30 and S31 to infer the functional form of expansoefficients in Eq. S26.
Switching back to the original coordinate system so thatifhapex is az= 0 and z-axis point

away from the apex, we get

2] - nwo-ww) (s32)
2
Taa| = relw-u) (s33)

12



wherel"1 > 0 andl"; > 0 are parameters, which depend on tip geometry. Note thatabative
sign in front of "1 originates from the fact that electric field is in the direatiof positivez axis
(i.e., pointing away from apex) when we switch directiorzakis and shift the origin of coordinate
system to the tip apex. Mathematically, it results from tiotaof the axes by 180 degrees, which
leads to a change of sign féydz and doesn't affecd? /97

Plugging Egs. S26, S32 and S33in Eq. S25, ugirg—1 for the counterion and assuming

(0) > (L), the contribution to current coming from transport of casians is

_ oep [T 2Ym {ci(L) expVim] —ci(0)}
L (e i = vy ey s

wherel’ = % andVm =e[Y(0) — y(L)] /ksT.

Similarly, pluggingz, = +1 for ions on the polymer backbone and evaluating the inteyex

z, the contribution to current coming from transport of pesiions (i.e.j = +) is

I — eD; VI 2Vim{ci(L) exp[—Vm] — ¢ (0)}
=" 7"'DawsonHT V| — exp[—L(I'1 — L)V DawsonH (I — Ly/T2) V]
(S35)

where DawsonF is the Dawson integral.
The net current i = y;_ _l;. In the limit of ¢(0) — ¢(L) — 0,ci(0) ~ ci(L) = ¢, the net

current is given by

EDLD "8 h(0) -y (536)

which is in agreement with Ohm’s law and defines ionic conigitgtof i— type ions aw; = ezkE‘TCi .

For estimating the concentration of ions on each side of the fwe have assumed that the
diffusion constant of ions on the polymer backbone is musk tean that of counterions and the
contribution to ionic current is mainly coming from transpof counterions. Keeping1, > fixed

while fitting different experimental data sets using Eq. ,S8&4principle, we can estimate the

13



concentration of ions on each side of the film. However, nsfsatory fits were obtained using
this protocol. In order to demonstrate this, we have prestaohe such comparison between the
experimental data and the current-voltage relation basdfijo S34 in  Figure S4. Furthermore,
the fits were found to be insensitive to the concentratioomid (cf. Figure S4) and film thickness
(data not shown) due to the presence of large terms in thenexp® & Vi) especially in the
non-linear regime for applied voltages 5 V. This shortcoming of the PNP model to describe
experimental data has led us to look for alternative meamasand formalism. In the next section,
we present such a formalism where the dissociation of iors-p#o “free” ions (or charge carriers)

is taken into account and coupled with the PNP formalism.

8 —r—r—T T T

e—e Experiment

=—a PNP model: R =0.01
PNP model: R =0.10

gl |4 PNP model: R =1.00

PNP model: R = 10.00 Py

PNP model: R =100.00 y

Steady state current (pA)
S
1

PR PR o 1S L PR PR PR a1
0 2 4 6 8 10 12 14 16 18 20
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Figure S4: Modeling of experimental data on the steady stateent using Eq. S34, derived
from the PNP model is shown herE,L/T2,R=c_(0)/c_(L) and ineD,c,(L)/L are chosen

as the fitting parameters. Plots shown above, based on Eq., a&84btained by fixing =
1.016,L/T, = 0.825, %TeD_c_ (L)/L =7.672x 10~% and varyingR. Insensitivity of the current-

voltage relation based on Eq. S34 highlight the unphysiaalne of the PNP model for the strong
electric fields, in particular.
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Wien-Onsager extension of the PNP formalism

In order to extract information regarding the concentraté “free” ions in the film, we use Eqg.
S34 to fit the experimental data for current as a function dtge. Comparison of the obtained
current-voltage relations are found to be insensitive eodbncentration of ions at high voltage
biases due to the exponentials in the numerators (cf. S3&h & shortcoming of the theoretical
formalism can be circumvented if one considers the fact tialbile ion concentration changes
with applied voltage bias due to the dissociation of iorrpéihe Wien effect™®). In this work,
we merge Onsager’s theory of the Wien effect with the PNP &bism as follows. Noting that the
effects of applied bias are most prominent near the tip, veeauBaylor expansion around location

of the tip apex to write the electrostatic potential as

(S37)

This is the same as the approximation of constant electiit iinside the film. In other words,

we ignore the non-linear spatial dependence of electrogtatential inside the film due to double
layer formation. The electric field at the tip apex, il&,= —a‘g—f(x) can be inferred by approximat-
ing the tip as an hyperboloid or by comparison of theory aregrmental results on the kinetics

of charging. Plugging Eq. S37 in Eq. S25, the net steady statent per unit area is

v - Ze’Dic
B [i_ ot | 0 (S38)

which is the Ohm’s law.

However, it is to be noted that the linear dependence of nume the applied electric field as
described by Eq. S38 is only observed at weak electric figlim-linear relation between the
current and voltage can be introduced into Eq. S38 if we uséthsager’s steady state thebry

of ionic dissociation in an applied electric field. Such atmeent leads to the same equation Eq.

15



S38 with the replacement of by ¢;(Ep) so that

Ci(Eo) = a(Eg)cp=

4c
\/ 1+ WFJ(EO) - 1] (S39)

and

B I1[2\/IBe]E0]/kBT]
~ /IgelEo|/keT

wherel; is the modified Bessel function of order one (not to be confusigld the symboll; for

G(Eo) (S40)

current).K(0) is the dissociation constant in the absence of an appliettieléeld, c;, is the initial
concentration of ion-pairs arw(Ep) is the electric field dependent degree of ionization. Nogegh
only the magnitude oEq (= |Ep|) appears in the theory and direction of the electric fieldsdde
play a role.

Comparison between the theory and experimental resultsestdady state current reveals
that Egs. S38, S39 and S40 describe the experimental dadakaiohy well. In particular, for the
comparison with data on the current as a functiosunface charge, we usey;_.. %&Cp,cp/ K(O)
andlge?/SekgT, Sheing the area of the tip-surface junction (assumed to balégthe area of tip
apex), as fitting parameters. Noting th&i0)G(Ep) is the dissociation constant in the presence of
an electric field, we can determine the degree of ionizatighé PolyIL film for different voltage
biases using Egq. S39. Furthermore, it is well-known thas@mee of ions can lead to change in
colligative properties such as the melting point. In oraeumnderstand the origin of softening of

PolylIL films under an applied voltage, we have estimated ti@nge in melting point resulting

from the dissociation of ions, as presented in the next@ecti

Depression of melting point

The thermodynamic definition of melting poirit of a pure solid relies on equality of chemical

potential at the solid-liquid transition temperature. Thelting point of solid or equivalently the

16



freezing point of liquid changes due to presence of “fre@sithat influences the chemical potential
of the liquid. If we consider polymer chains so that each rlgsN repeats then the chemical

potentialper repeat in the solid state (e.g., a crystal)J) at temperaturd is
Hg = hQ-Tg (S41)

wherehQ and <l are the enthalpy and entropy per repeat, respectively. |&8igithe chemical

potential per repeat in the liquid state can be written as
wo= h-Te (S42)
where the subscrigtstands for “liquid”. At the melting temperatur&,= T3, ud = uP, which

leads to the thermodynamic definiton of melting point of oamponent polymeric system as

h?—h  An

F-2 " bs

Tm

(S43)

where we have defineth = h? — hd,As= ¢ — <.

In the presence of a small amount of a second component sugduaterions, the chemical
potential of a crystallizable component (e.g., polymerdbanes in the case of polymerized ionic
liquid) changes, which leads to a shift of melting point of tiivo component system. In order
to understand the effects of concentration of counteriomisagplied electric field on the shift of
the melting point, we consider a two component system coinmigiicharged polymer chains and
counterions. If the shifted melting temperaturelis= Ty, then equating chemical potential of a

repeat in the solid and liquid state leads to
p = hE—Tmsh = pP =hP — T (S44)

where superscripp represents “polymer in the mixed phase”, the crystalleatldmponent. As

17



we are interested in quantifying the shift of melting poihtn@xture from that of pure state, we

can subtract the chemical potential in the pure liquid dtat® both sides, which leads to

W—p’ = he—h—Tn(L—) = [P — 1]+ (S45)

Using Eq. S43 to eliminate change in entropy, we get

AP {1_ _] = [Py (S46)
whereAhP = h? — hf. This can be written as

™ T3 ohe

1 1 kg U|p_ll|0
[ | ] - (s47)

For a given concentration of “free” ions, the excess chehpogential per repeat can be ap-

proximated by

K(Eo)?a® [ K(Eo)a _
8 {(1+ KEga 2N+ K(E)a))  (S48)

U|p - Il|0
keT

= In(1—a(Eg)) —

whereg = cpna3/6 is the volume fraction of ion-pairs (which is equal to théwwoe fraction of
monomers) and (Eg)? = 4mlga (Eo)cp, Is = €?/4mekgT anda being the diameter of ions. In Eq.
S48, a(Ep) is the degree of ionization which depends on the electrid.fi€llugging Eq. S48
in Eq. S47, a non-linear equation fdy, is obtained. First of all, note that if the temperature
dependence of the right hand side in Eq. S48 is suppressadittis negative. This means that
Tm < TQasAhP > 0 (cf. Eq. S47). Hence, there is a depression of melting peslting from the
presence of ions and the depression is stronger if the ctratien of ions increases. So, itis clear
from Egs. S47 and S48 that an applied electric field may diefttelting point due to change of
Debye-Huckel screening length resulting from shifts inithredissociation equilibrium.

However, Egs. S47 and S48 results in a non-linear equatibe solved forT,, for a given
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T2 andAnhP. The temperature dependence of the excess chemical @biehti S48) arises due to
Ig/a, which is the Bjerrum parameter for ion-pairing. In the estiimn of the changes in melting
point, we have takelg/ato be inversely proportional to temperature and ignoredeheerature
dependence of the relative permittivity.

The Bjerrum parameter at room temperature is determined batieg c,/K(0) determined
by our synergistic experiment-theory work on the chargegpart to different theories. We have
used two theories, namely the Bjerrum-Fuoss-KHd4YBFK) and the Ebeling-Grigt#12 (EG)
expressions for the dissociation constant to infer thematerlg/a at room temperature. Inverse
temperature dependence of the parameter is used to infelits at other temperatures. Eq. S39
is used to compute the degree of ionization for differentgeratures and estimate the extent of

depression in the melting point. In both the theories,

Cp

m = ¢P(ls/a) (S49)
where the functiorP (Ig/a) is given by
P(X) = Perk(X) = 4 {ez —Ei(—2)+Ei(—x) — % {1+ )—1( + X—ZZH (S50)

in the BFK!%-11theory so thaEi is the exponential integral. In the E&theory,

- 3 . 1 X . X2 1 X2
P(X) = PFeg(x) = 48{E{E|(X)—El(—x)}—:—%coshx—ésmhx—gcostr:—%%-E}

(S51)
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