
1 Appendix

1.1 Laminar Channel Flow

In laminar flow conditions, analytical solutions can be ob-
tained for the pressure-driven, steady-state flow of New-
tonian and power-law fluids in straight, rigid channels
with constant cross section and no-slip boundary condi-
tion at the channel walls in some geometries. For the
simple case of a Newtonian fluid in a circular channel
with radius r, the dependence of the flowrate on the
pressure drop along the channel is given by the Hagen-
Poiseuille equation yielding a hydrodynamic resistance
of R= ∆p/Q = 8ηL

πr4 for the channel. The corresponding
flow profile is parabolic and the Newtonian wall shear-
rate is given byγ̇w = 4Q

πR3 . With an averaged diameter of

h̃ =
√

πr the shape factorg (see eq. 4 in the main part
of the manuscript) for the circular channel is thus given
asg = 4

√
π. For power-law fluids in circular channels,

the shape factor can be determined with the Weissenberg-
Rabinowitsch equation1 as

g(n) =
(3n+1)

√
π

n
. (7)

For channels with rectangular constant cross sectionsw×
h, an analytical solution for the flow profile is only avail-
able for Newtonian fluids2. Moreover, in non-circular
ducts, the shear rate is not constant along the wall. A
semi-analytical solutions using average wall shearrates
for the relation between flow rate and pressureQ(p) for
power-law fluids withη(γ̇) = Aγ̇n−1 in a duct with arbi-
trary constant cross section can be given as3:

Q =
λ (n)h̃3+(1/n)(∆p/L)1/n

A1/n
(8)

where the numerically determined shape factorλ (n) is
defined asλ (n) ≡

∫
D

∫
ũdx̃dỹ with the dimensionless co-

ordinates ˜x, ỹ, ũ of the cross section and the flow velocity
in the channel direction. Thus, the shape factorλ depends
on the power-law indexn of the fluid and on the geometry
of the duct. For some special geometriesλ has been tab-
ulated3, and a method to calculateλ for rectangular ducts
is available4,5. The corresponding averaged wall shear-
rate can be calculated with eq. 4 in the main part, an ex-
pression for the shape dependence ofg(n) on the channel

aspect ratioh
w is given as6:

g
(

h
w,n

)
≡ 4

(√
h
w +

√
h
w

−1)(
b?( h

w)+
a?( h

w)
n

)
, (9)

wherea?(x) ranges froma?(0) = 0.5 to a?(1) = 0.2121
andb?(x) from b?(0) = 1 to b?(1) = 0.6771. The func-
tionsa?,b? are tabulated in6. By combination of eqs. (8)
and (9) we can determine the hydrodynamic resistance of
the duct as

R=
∆p
Q

=
η(γ̇w)L

h̃4g?( h
w,n)

(10)

with g?( h
w,n) ≡ λ n(n)g( h

w,n)n−1. For the evaluation of
the experiments with rectangular channels of different as-
pect ratios used in this work, the shape factorsg( h

w,n)
andg?( h

w,n) have been calculated using FEM simulations
of power-law fluid flows in rectangular channels. To this
end, flow rate and averaged wall shear rate of the sim-
ulated flows have been determined in channels with as-
pect ratios fromh

w = 0.4 to 1 with power-law exponents
n ∈ [0.2;1]. Fig. 5 shows contour plots of the evaluated
shape factorsg?( h

w,n) and g( h
w,n). Comparison of the

numerical results for the Newtonian fluid (n = 1) with
available analytical expressions2 showed a numerical er-
ror smaller than 10% for all geometries under investiga-
tion.

Figure 5: Shape factorsg( h
w,n) and g?( h

w,n) in depen-
dence of shear viscosity exponentn and channel aspect
ratio h/w. g( h

w,n) andg?( h
w,n) have been evaluated for

n = 0.2,0.3, ...,1 and h
w = 0.4,0.6,0.8,1 from FEM sim-

ulations. Forn < 0.4 and h
w > 0.6 the simulation did not

converge.
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1.2 Hencky strains at channel entrance of
analyzer and reference channelsKa,Kr

For polymer solutions, the dependence of the entrance
pressure drop∆pent on the elongational Hencky strain
occuring at the channel entrance is strongly nonlinear
and ∆pent can be expected to be small∆pent ≈ 0 for
ε < 17. The average elongational Hencky strain for
fluid entering the analyzer and reference channel can be
estimated with the ratio of the channel cross-sections
D f and Da,r of K f and Ka,r : εr = ln(QrD f /QDr) =
ln(D f /(X + 1)Dr) ≤ ln(D f /Dr); εa = ln(QaD f /QDr) =
ln(XDf /(X + 1)Dr) ≤ ln(D f /Dr). In geometries A, B
and D this yieldsε ≤ 0.51, so that the entrance pres-
sure drop∆pent can be neglected. In geometry C the
highest extensional strain occuring in the measurement
is ε ≈ 2.6. The extensional entrance pressure drop can
be estimated as∆pent = Λ(ε̇)ε̇ε.8,9 Thus, the ratio of the
entrance extensional pressure drop to the capillary pres-
sure drop across the reference channel in geometry C can
be estimated as∆pent

δ pr
≈ Λ(ε̇)

η(γ̇) ·1.6 ·10−5. Hence, even for

high Trouton ratiosTr = Λ(ε̇)/η(γ̇) ∼ 103−104 the en-
trance pressure drop is insignificant for the measurement
of X(Q) in geometry C.

1.3 Validity of the approximation Qa/Qr ≈
da/dr

For a Newtonian fluid the flow profile in a rectangular
channel with widthw and heighth, whereh < w is given
by2

uz(x,y)=
4h2dp/dz

pi3η

∞

∑
n,odd

sin(nπy/h)
n3

[
1− cosh(nπx/h)

cosh(nπw/2h)

]
(11)

where−0.5w < x < 0.5w and 0< y < h. For channels
of high aspect ratioh� w the lateral flow profile along
the width of the channel is very flat, so that the flow is
essentialy 2D. A numerical analysis shows, thatQa,r =∫ h

0

∫ da,r

−w/2uz(x,y)dxdy is well approximated by

Qa,r = da,r
h3wdp/dz

12η

[
1−0.630

h
2da,rw

]
(12)

for da,r > 2h. Thus, the relative deviationδX of the width
of the fluid streamsXmeas= da/dr from the flow rate ratio

X = Qa/Qr is obtained as

δX = 1− da/dr

Qa/Qr
=

0.63(1−2a)
2w/h−0.63(1−a)

(13)

wherea = da/w. Fig. 6 a showsδX in dependence of
the aspect ratioh/w and ratio of the fluid stream widths
Xmeas. For non-Newtonian power-law fluids the flow pro-

Figure 6: (a) Relative error of the flow ratioδX caused by
the approximationX = Qq/Qr ≈ da/dr in dependence of
the channel aspect ratioh/w and ratio of the fluid stream
widths Xmeas= da/dr calculated for the flow profile of a
Newtonian fluid. (b) The resulting error in the power-law
index n for geometry A is shown by the ratio between
the measured power-law indexnmeas and the real value
n for values ofn = 1.0, 0.83, 0.71, 0.67, 0.63, 0.5. The
underlying non-Newtonian flow profiles where calculated
numerically. The error can be kept smaller by chosing a
geometry, whereXN is close to unity (e.g. geometry B).

files have to be numerically simulated to determine the
error due to the approximationQa/Qr ≈ da/dr . As this
error is systematic, it is reduced by using the experimen-
tal valueXexp

N of the Newtonian flow ratio for the evalalu-
ation of the power-law exponent: E.g. in a device with
geometry A with a Newtonian flow rate ratioXN,A < 1,

the flow rate ratio for a power law fluidX(Q) = X1/n
N will

also be smaller than unity. Thus, the experimental value
Xexp

N,A andX(Q)exp measured byda/dR for Newtonian and
power law fluids will both deviate from the real flow rate
ratio into the same direction, so that the errors partially
compensate. For the basic setup as in geometry A, the
remaining deviation inn caused by the approximation is
calculated as

nmeas

n
=

lnXmeas
N

lnXmeas

lnX
lnXN

, (14)
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whereX andXN are related by eq. (6) in the main paper

asX = X1/n
N . Figure 6b shows the ratio of the power-law

index determined byda/dr to the exact value for several
values ofn in dependence of the Newtonian valueXN of
the device. By designing devices with moderate values
for the Newtonian flow ratio withXN ∈ [0.5;2] the error
is kept small (≤ 7%). In principle, this systematic error
could be accounted for in the numerical evaluation of the
measurements.

1.4 Experimental error

Repeated measurements with Newtonian glycerol solu-
tions showed that the experimental error in determining
the flow rate ratioX(Q)exp= da/dR is on the order of 1%.
However, the measured valuesX(Q)exp for the 1% PAA
and 2% PAA polymer solutions suggest a bigger error of
about 5% (e.g. see fig. 3a in main section). Stronger de-
viations might occur due to temporal dirt or undiscovered
air bubbles changing the channels resistance or degrada-
tion of the polymer solution. Thus, an errorbar of±5%
was used for the values in fig. 3a. The overall resulting
error for the evaluation ofn(γ̇) can be estimated from the
2% PAA measurement data (red symbols) from different
geometries in fig. 4. The standard relative deviation from
the polynomial fit curve (red solid line) is 6%. This value
was taken as the errorbar forn(γ̇) of both the 1% and 2%
PAA solutions.

1.5 Numerical evaluation of shear exponent
n(γ̇)

By simultaneously usingN measured values of the flow
ratio X(Q) on an interval[Qmin;Qmax] it is possible to
numerically determinej = 1. . .N interpolation values
HS

j for the shear viscosity on the interval of shear rates
[γ̇min; γ̇max] associated with[Qmin;Qmax]. Instead of as-
suming a power-law, the method is based on a linear inter-
polation for the logarithmized values of the viscosity be-
tween theN valuesHS

j . Then, eq. 2 in the main partleads
to a linear equation system for theN unknown viscos-
ity valuesHS

j . Due to the differential nature of the mea-

surement, the viscosity curve given byHS
j is indefinite

in its absolute value, yet the shape of the viscosity curve
and the corresponding values for the viscosity exponent

Figure 7: Schematics of the numerical evaluation method:
TheN measurement values ofX on [Qmin,Qmax] (•, left)
correspond to 2N unknown viscosity values at 2N shear-
rates on[γ̇min; γ̇max] ( red•, right). The 2N viscosity values
are apporoximated by interpolation betweenN viscosity
values (�), for which a linear equation system containing
theN measured values forX can be solved.

n(γ̇) are fixed. As the viscosity must be monotonic on
each of the interpolated intervals[γ̇ j , γ̇ j+1] once the width
of the shear rate intervals(γ̇min− γ̇max)/(N−1) is suffi-
ciently small, the method gives much more accurate val-
ues than the direct evaluation with eq. 6 (main part). With
the p(Q)-curve for the pressure drop across the channels
Ka,Kr being monotonically increasing with the flow rate,
the roughness ofX(Q) is physically limited, so that strong
fluctuations inX(Q) have to be attributed to experimental
error. Therefore, with a sufficient density of measurement
values on[Qmin;Qmax], theN measurement valuesXj(Q)
can be fitted with a smoothing function without losing in-
formation on the viscosity curve. The solid dark blue line
in fig. 3b in the main part shows a polynomial fit of order
7 to the measuredX(Q) values of the WLM-solution, the
resulting curves for the viscosity exponentn(γ̇) and the
integrated viscosityη(γ̇) are shown by the dashed blue
lines in fig. 4 (main part).

In detail, for the numerical evaluation,N interpolation
pointsΓ j were distributed over the interval[γ̇min, γ̇max]

Γ j = γ̇min ·
(

γ̇max

γ̇min

) j/(N−1)

(15)

where the according interpolation values for the viscosity
were set:

HS
j ≡ η(Γ j) (16)

The 2N unknown valuesη(γ̇a,i),η(γ̇r,i) corresponding
to the N measurement pointsXi(Q) on the interval
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[Qmin;Qmax] can thus be expressed by theN unknown in-
terpolation valuesHS

j using the interpolation hat function

Fh(x) =


0 for x <−1
x+1 for −1≤ x≤ 0
1−x for 0 < x≤ 1
0 for x > 1

(17)

as

η(γ̇k,i)=∑
j

NS
k,i j (γ̇k,i)HS

j , with NS
k,i j (γ̇k,i)= Fh(xS

k,i j (γ̇k,i))

(18)
wherek = a, r and

xS
k,i j (γ̇k,i) = (N−1)

logγ̇k,i − logγ̇min

logγ̇max− logγ̇min
− j +1 (19)

Using eq. (18) we can rewrite eq. 2 from the main paper
as:

(XiLa∑
j

NS
a,i j H

S
j −Lr ∑

j
NS

r,i j H
S
j ) = 0. (20)

This is a linear, homogeneous equation system withN
equations, which can be written with the vectorH =
(HS

1 , ...,HS
N)T as:

MS·H = 0, (21)

where

MS
i, j = XiLaNS

a,i j −LrN
S
r,i j , i, j = 1, ...,N (22)

Eq. 21 does not define a unique solution for the viscosity,
and any multipleH′ = aH of a solutionH is a solution
too. To obtain absolute values of the viscosity, one value
of η(γ̇) on the interval has to be known. However, the lo-
cal powerlaw exponents which can be obtained by differ-
entiating the numerical solution given byH are uniquely
defined. For the numerical solution for the WLM-solution
measurement, the discretized polynomial fit to the mea-
surement points shown in fig. 3a (solid blue line) was used
for the input dataXi(Q) instead of the real measurement
points. The resulting viscosity curveη(γ̇ is shown in the
inset of fig. 4b (main paper, dashed blue line), the values
for n(γ̇ (solid blue line fig. 4) were determined by differ-
entiation.

The numerical method reproduces the low values of
n ≈ 0 observed for high shear rates with the rotational
rheometer, and the shape of the viscosity curveη(γ̇) from
the differential measurement is in excellent agreement
with the cone-plate rheometer values (dashed blue line
and blue squares in the inset of fig. 4, main section).
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