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1. Force matching method

The force-matching method (FMM) [1] was used to determine the parameters of potential functions, 

which were utilized to model the interactions among Zr and Si atoms in the current study. FMM is based on 

the variable optimization process of an objective function, which is constructed by the summation of squares 

of differences between the atomic forces obtained by a potential function and the corresponding atomic 

forces by ab initio or density functional theory (DFT) calculations. The original FMM minimizes the 

following objective function, Z(α)[2]: 
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Where α, M and Nk are the entire set of potential parameters, the number of atomic configurations, and 

the number of atoms in a configuration k. Fki(α) is the force acting on atom i of the configuration k, which is 

computed from the potential parameters α.  is the corresponding referenced force calculated from the ab 0
kiF

initio or density functional theory (DFT) calculation approach. Except for atomic forces of all optimized 

structures, the binding energy, bulk moduli, elastic constants of crystal reference structures were also 

included in our object function.  

Five crystal configurations including two pure element systems (Zr, Si), and three binary-element 

systems (Zr3Si2[3], ZrSi[4], ZrSi2[5]) were used to prepare the reference data for FMM as shown in Fig. 
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S1(a)-(e). All required reference data were directly prepared by the DFT calculation.

 For the binding energies, the Dmol3 package [6] was used, and the elastic constants and bulk moduli 

were prepared by the CASTEP package [7]. The generalized gradient approximation (GGA) with the 

parameterization of Perdew-Wang generalized-gradient approximation (PW91) [8] was used for both Dmol3 

and CASTEP. For Dmol3 settings, all electron calculation for the core treatment with a double numeric plus 

polarization basis set DNP was used [9]. The energy tolerance in the self-consistent field calculations was 

2.72×10-5 eV, and the energy, force and atomic displacement tolerances for the ionic step were 2.72×10-4 eV, 

5.44×10-2 eV/Å and  5.00×10-3 Å. For the settings of CASTEP, the ultrasoft pseudopotential was used and 

the energy tolerance in the self-consistent field calculations was 5×10-7 eV/atom. The convergence 

conditions for the ionic step were set as 1×10−6 eV/atom for the energy change, 2×10−3 eV/ Å for the force 

change, 1×10−4 Ǻ for the atomic displacement, 380 eV for the plane-wave cutoff energy, and 0.024 for the 

k-point separations.

For Zr and Si crystal structures, table S1 lists the lattice constants as well as the binding energies by 

Dmol3 optimization calculations and from the corresponding measured data[10, 11] (also in table S1). It can 

be seen that the lattice constants and binding energies obtained by Dmol3 are very close to the experimental 

values, indicating the Dmol3 setting is accurately enough to predict the binding energies and geometrical 

properties of the Zr-Si systems. 

Table S2 illustrates the lattice constants, elastic constants, bulk moduli and shear moduli of Zr and Si 

unit cells after the CASTEP geometry optimization and the corresponding experimental data are also 

shown[10-12]. The calculated lattice constants are very close to the experimental values, which are 

comparable to those by the Dmol3 calculation shown in Table S1. For the mechanical properties, most 

calculation results are in good agreement with the experimental values except for C44 of Zr and C12 of Si, 

which can be also found in the previous studies [13, 14]. The relative values of elastic constants do not 

change for the calculation results, and the CASTEP settings are regarded good enough to get the mechanical 

properties of ZrSi systems for preparing the FMM reference data.

The electron density distributions of Zr, Si, and ZrSi unit cells obtained by the Dmol3 calculations are 

displayed in Fig. S2 (a)-(c). The electron overlaps of Si-Si and Zr-Si pairs are very apparent, indicating the 

covalent bonding characteristics of Si-Si and Zr-Si pairs. The metallic feature of Zr-Zr pair can be also seen 



in Fig. S2(a), in which the electron density distributed between Zr atoms is relatively lower. Consequently, 

the tight-binding potential [15] was adopted to model the metallic bonding of Zr-Zr interaction and the 

Tersoff potential was used to describe the covalent bond interactions of Si-Si and Zr-Si pairs.

1.1 Tight-binding potential

Atomic interactions of Zr and Zr are modeled by the many-body, tight-binding potential (TB) [12, 16-

18] and the potential form is shown as Eq. (1):
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Where  is an effective hopping integral, rij is the distance between atoms i and j, and r0 is the first-neighbor 

distance. The first part in the potential function is the summary of the band energy, which is characterized by 

the second moment of the d-band density of state. Meanwhile, the second part is a Born-Mayer type 

repulsive form. In Karolewski’s studies [19], the parameters , A, p , q, and r0 of several transition metals 

were determined on the basis of the experimentally obtained values of cohesive energy, vacancy formation 

energy, lattice parameter and elastic constants [10, 20]. 

1.2 Tersoff potential energy

The interactions of Si-Si and Si-Zr pairs are described by Tersoff potential. This potential involves both 

two- and three-body terms as shown below:
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Ei is the potential energy of atom i, and the summation of Ei is the total energy. V(rij) is the energy formed 

by atom i and atom j. V(rij) is defined as:
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The formula fR models the repulsive interaction between atoms due to electron overlap, while fA describes 

the attractive interaction associated with bonding. The coefficient bij corresponds to a many-body interaction 

and the function fC is a smooth cutoff function which limits the range of the potential. The function g(θijk) 

represents the influence of the bonding angle. The formulas of these three parameters can be seen in Eqs. 

(6)~(8):
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The form of  in Eq. (6) is shown below:
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2. Fitting process

Although TB parameters of Zr and Tersoff parameters of Si can be found in previous studies [12, 21], 

these parameters were also modified by FMM to minimize the discrepancies between the reference data and 

the data calculated by using the fitted parameters. 

For improving the many-body effect in TB potential [19], the binding energies of zirconium structures 

with one-atom defect were also included. During the fitting process, the object function optimization was 

conducted by the general utility lattice program (GULP) [22]. The idea of the basin-hopping (BB) method 

[23] was used to randomly change the values of TB and Tersoff parameters after each optimization process. 

Monte Carlo method was adopted to find the parameter set, which can obtain the global minimal value of 

the objective function [24]. After the fitting process, a set of potential parameters with the accuracy 

comparable to the DFT calculations can be obtained, which can be seen in tables S3 and S4 for TB and 

Tersoff potentials, respectively. As shown in table S5, the reference data calculated by the TB and Tersoff 

potentials are compared with those by the DFT calculation. It can be seen the discrepancies of most 



reference data are located within 20%, indicating the predicted material properties by TB and Tersoff 

potentials with our fitted parameters are in good agreement with the corresponding DFT data. 



(a)
(b)

(c) (d) 

(e) 

Fig. S1 Crystalline structure reference data for FMM (a) Zr, space group P63/MMC (b)Si, space group FD-

3M (c) Zr3Si2, space group P4/MBM (d)ZrSi, space group PNMA (e)ZrSi2, space group CMCM, the yellow 

atoms represent silicon and the cyan atoms represent zirconium. 



(a) (b)

(c)

Fig. S2 Electron density distributions of (a) Zr (b)Si (c) ZrSi unit cells, the yellow atoms represent silicon 

and the cyan atoms represent zirconium.



Table S1 Comparisons between experimental and Dmol3 DFT calculation results for hcp Zr, diamond 

structure Si. The values of a, c/a, and E are the lattice constant, the ratio for lattice constant, and the binding 

energy, respectively.

Element Function a (Å) c/a E (eV/atom)

Exp.[10] 3.23 1.59 -6.25

DFT 3.24 1.61 -5.61Zr(HCP)

Error (%) 0.31 1.26 -10.24

Exp.[11] 5.43 - -4.63

DFT 5.47 - -4.57Si (dia)

Error (%) 0.74 - -1.30



Table S2 The experimental and DFT calculation values (by CASTEP) of lattice constant, elastic constants 

(C11, C12, C13, C33, C44), bulk modulus (B) and shear modulus (S) for Zr and Si unit cells.

Element Property Exp.[10-12] DFT Error (%)

a (Å) 3.23 3.24 0.31

c/a 1.59 1.61 1.24

C11 (GPa) 154.40 166.25 7.67

C12 (GPa) 67.20 57.52 -14.41

C13 (GPa) 64.60 68.71 6.36

C33 (GPa) 172.50 184.91 7.20

C44 (GPa) 36.30 19.38 -46.62

B (GPa) 97.10 100.19 3.18

Zr (HCP) 

S (GPa) 42.20 40.12 -4.93

a (Å) 5.43 5.47 0.74

C11 (GPa) 165.70 156.09 -5.80

C12 (GPa) 63.90 56.17 -12.10

C44 (GPa) 79.60 79.81 0.27

B (GPa) 97.80 89.48 -8.51

Si (dia) 

S (GPa) 76.90 67.87 -11.74



Table S3. The parameters of tight-binding potential for Zr-Zr

Table S4. The parameters of Tersoff potential for Si-Si and Si-Zr
Type                    Si-Si                   Zr-Si

A 7835.380 2251.660

B 45.087 175.073

λ 3.851 2.603

μ 1.079 1.474

β 0.429 0.468E-05

n 21.161 39.960

c 27340.700 4061.980

d 119.344 3.252

h -0.330 -0.062

R 2.783 3.216

S 2.986 3.562

Type A ζ p q r0

Zr-Zr 0.162 2.095 10.727 2.257 3.138



Table S5 Binding energy (E), Binding energy of one-atom-defect structure (Ed), lattice constant (a), c/a ratio, 

elastic constants (C11-C66), bulk modulus (B) and shear modulus (S) of all referenced configurations 

predicted by the DFT calculation and by the potential functions with the best fitted parameters. 

Element
Space 
group

Property DFT. Pot. Error (%)

E(eV/atom) -5.61 -5.89 4.99
Ed(eV/atom) -5.46 -5.74 5.13

a (Å) 3.24 3.17 -2.16
c/a 1.61 1.63 1.24

C11 (GPa) 166.25 147.87 -11.06

C12 (GPa) 57.52 87.42 51.98

C13(GPa) 68.71 71.77 4.45

C33 (GPa) 184.91 195.87 5.93

C44 (GPa) 19.38 38.63 99.33

B (GPa) 100.19 105.95 5.75

Zr P63/MMC

S(GPa) 40.12 38.88 -3.09

E(eV/atom) -4.57 -4.46 -2.41
a (Å) 5.47 5.46 -0.18

C11 (GPa) 156.09 159.25 2.02

C12 (GPa) 56.17 53.56 -4.65

C44 (GPa) 79.81 68.88 -13.70

B (GPa) 89.48 88.79 -0.77

Si FD-3M

S (GPa) 67.87 61.42 -9.50

E(eV/atom) -5.96 -6.42 7.72
a (Å) 7.05 6.61 -6.24
c/a 0.76 0.79 3.95

C11 (GPa) 225.48 203.76 -9.63
C12 (GPa) 111.95 131.46 17.43
C13 (GPa) 76.76 121.029 57.67
C33 (GPa) 244.92 226.91 -7.35
C44 (GPa) 295.16 245.84 -16.71
C55(GPa) 71.84  70.65 -1.66

ZrSi PNMA

C66(GPa) 91.36  36.06 -60.53
ZrSi2 CMCM E(eV/atom) -5.51 -5.20 -5.63



a (Å) 3.72 3.65 -1.88
c/a 0.99 1.06 7.07

C11 (GPa) 248.41 260.51 4.87
C12 (GPa) 82.02 108.23 31.96
C13 (GPa) 83.80 102.06 21.79
C33 (GPa) 295.23 285.52 -3.29
C44 (GPa) 106.27 108.71 2.30
E(eV/atom) -6.04 -6.80 12.58

a (Å) 7.12 6.98 -1.97
c/a 0.52 0.52 0.00

C11 (GPa) 270.11 212.42 -21.36
C12 (GPa) 54.17 117.19 116.34
C13 (GPa) 97.84 115.26 17.80
C33 (GPa) 168.12 188.00 11.82
C44 (GPa) 101.53 90.12 -11.24

Zr3Si2 P4/MBM

C66(GPa) 78.25 72.12 -7.83
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