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Supporting Material for: “Membrane mediated interactions between
circular particles in the strongly curved regime”

Benedict J. Reynwa* and Markus Deserng**

Surface Evolver [K. Brakke, Exp. Mathi, 141 (1992)] is a numerical surface optimization prograat tepresents a surface as a
simplicial complex (triangulated network) and minimizesanergy (as specified by a surface Hamiltonian) subjeairistecaints.
By using the Helfrich Hamiltonian and implementing boundtjoées as constraints, we can calculate the force-distaglation
between them. In these notes we outline the procedure usesl toyperform this task in an automated way.

1 Geometric Setup hessi an_seek energy minimization step
u equitriangulation of edges
The initial condition for our Surface Evolver calculatiaren- refine edge refines a specified edge
sists of a flat half circle of membrane, embedded inxtye del ete edge removes a specified edge
plane, with a radius of 1000a, wherea is our unit of length To reduce finite size effects we use a very large patch of

(see Figs. 1 and 2 in main article). The flat edge of the meMmemprane (radius 1000a), but most of the significant de-
brane is subsequently constrained to lie onxEplane and  ¢5rmation occurs in a small region around the origin. Hence,
along thex-direction. The semi-circular rim of the membrane j; js gesirable to have a variable level of refinement for the t
patch lies on a half cylindrical constraint. We pick the Cen-gngulation. We approach this in two ways: First we let the

ter of the circle as the origin of our coordinate system. Alljeye| of refinement depend only on the distance from the cen-
boundaries areeflective that is, the membrane intersects theter of the particle. After we find a good approximation of the

boundary constraint surface perpendicularly. Notice hat  ghape, we tune the level of refinement locally based on the

doesnotfully constrain the membrane’s normal vector on the o ryature of the membrane so that the dihedral angle between

boundary. facets remains below a maximum valugax. The details are
The particle is modeled by two more constraints. It is de-z5 follows:

fined by the radius of the contactline circle between thepart  |pitially we assign each edge a length gdgda, Which de-

cle and membrane (we set thisteequal to our unitoflength) - yends on the distance of the midpoint of the edge from the
and the contact angle of the membrane at this circle. The pagenter of the particle my:

ticle itself is a spherical cap with radius and center chdeen

satisfy these specifications. Vertices inside this sphedap lsmall if  Tmp < small

are constrained to lie on the sphere, and vertices on thaciont
line are constrained to remain on the contact line.

The particle is initially positioned in the membrane near th
flat edge. Since the flat edge is a reflective boundary we cawherersmai= 4ais a distance that is large enough such that
in this manner measure the curvature-mediated force batwedhe particle is initially in this area of higher resolutioand
the particle and its mirror-symmetric image. Ismal is the desired edge length within this area of high resolu-

tion. We start witHgma = a.
We then converge towards the minimum energy. This in-
2 Convergence volves several steps. We cdlessi an_seek, refine all

_ _ ) edges that have a length greater thdga3 equitriangulate
Given these constraints Surface Evolver finds the membrange edges, delete all edges with lengths smaller tpap and
shape that minimizes the bending energy. Here we describgqyitriangulate again. This process is repeated untilieegsy
the techniques used to automate the process of convergenceyonverges to a constant value. Typically, we use a relative e
The native Surface Evolver commands used were ror tolerance of 108 of the total energy.

After convergence we redudgng by a factor of two and
:AMaX"gzprg';'r']”S“tUte for Polymer Research, Ackermanna®g 55128  repeat the procedure. This refinement process is then szpeat
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(1)

lgoal = 'mp

[smail if  Tmp> rsmal
I'small
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the distance of any local vertex from the center of the plartic
but also on the locaturvatureof the membrane. An integer
representing the refinement level is associated with et

Initially all facets have a refinementlevel of 0. A maximum di
hedral angle is specifiedynax, Which should not be exceeded

by any dihedral angles between facets. All facets which have

a dihedral angle with any of their neighbors that is larganth

Wmax/2 are found and their refinement levels are increased by<
1. Then, with a 20% probability, the refinement level of all

facets whose dihedral angles are smaller tiyagy/6 are in-
creased by 1. Finally, each facet's refinement level is \gatiat
by averaging its own level with that of its neighbors (its aa/n

given a weight of 1/2 and the neighbors 1/6). This averaging

improves stability.

We now define the refinement leval, of anedgeto be the
average of the refinement levels of its two neighboring &cet
and from this the new value fdgog is calculated:

Ismall it rmp < Tsmall

|goa| = 157)\ X (2)

r .
mp if

[small I'mp > I'small

I'small

The process of minimizing, refining, equilibrating, andedel

ing is repeated until convergence is reached. If there remal

any dihedral angles larger thgn,ax we adjust the refinement
levels of the facets again, converge again, and repeatnmtil
dihedral angles exceeds the specified maximum.

3 Measurement of Forces and Torques
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Fig. 1 ForceF and torqueN acting upon a particle as a function
of particle tilt 8. The particle-particle distance is= 2.8a and the
particle/membrane contact anglevis= 7.

to the closest point on the circle bounded by the particle con
tact line). Then the distance from the particle to the neares
.other constrainti(e. to the edge of the membrane patch)y

i . . :

is also found and each vertex is translated a distapge in

the same direction as the particle, given by

d

2

Ttvert

|:COS<
I'max

0

> + 1} it Tvert < Imax

if

3)

dvert =

lvert > 'max

To determine the force and torque that a particle is experien In this manner the surrounding membrane is moved with the
ing, we measure the energy change of an incremental changerticle without introducing any kinks that would introduc

in its position or orientation, respectively. A typical clge

numerical instability. The rotation of the particle is parhed

is 10719, One can think of this as measuring the responsén the same manner, except that the surrounding membrane is

to a “virtual displacement”, which directly probes the @arr
sponding constraint forces and torques. Importantly, ne co

vergence of the membrane shape is performed after thershift i

position or orientation before measurement of the energgg. T
latter point is very essential: It permits us to compare giesr
which are based on tteameriangulation. This eliminates the
numerical noise associated with different triangulations

4 Movement and Tilting of the Particles

rotated with rather than translated with the particle aiittie
angle of rotation rather than the displacement that is mexdlifi

Of course, this procedure only creates a convenient and
partially pre-equilibratednitial configuration which subse-
quently needs to be energy minimizes as described in the pre-
vious section.

5 Calculation of a Force-Distance curve

To illustrate the calculation of a curvature-mediated égrc

Performing the small shifts for forces and torque measurelet us pick the example of two particles with a contact an-

ments is trivial, but making larger shifts necessary to ¢gean

1

gle ofa = zmand a separation of.2a. For the maximum

the position and orientation of the particles in the meméran allowed dihedral angle we tried bothmax = 0.05 as well

is more difficult. This is because translating or tilting tbea-
ticle more than just infinitesimally requires moving the-sur

as Ymax = 0.05a (for small a), but the final results did not
strongly deviate. The system is initialized with the pdetiari-

rounding membrane with it. When the particle is translated anted horizontally = 0) at a distance of.2afrom the planar

distanced, the distances,ert Of all membrane vertices from
the particle are calculated (this is the distance from thitexe

boundary condition (corresponding to a particle-partsee-
aration ofr = 4.0a). The particle is slowly rotated until it
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Fig. 2 ForceF and torqueN acting upon a particle as a function Fig. 3 Membrane bending enerdy as a function of particle til6.

of particle tilt 8. The particle-particle distance is8a and the parti-  The particle-particle distance is8a and the particle/membrane con-
cle/membrane contact angleJs Four scans back and forth of the tact angle isy. Four scans back and forth of the particle tilt are
particle tilt are shown. The force corresponding to the #erque-  shown.

condition is the one which is physically realized.

back and forth over the entire range of orientations from ver
is vertical, parallel to the planar boundary conditién=( 7).  tical to horizontal, the orientation is scanned back anthfor
This rotation is performed in small steps, and after eagh steonly over a relatively narrow region over which the torque is
the surface is relaxed to its minimum energy shape. The-parthow known to pass through zero. Typically we scan back and
cle is then gradually moved toward the planar boundary eondiforth four times. The results of such a scan are shown in Fig. 2
tion until the desired distance of4la is achieved, again min- Although each repeat overlaps approximately with the previ
imizing the surface energy after each small step. This proceous ones, discrepancies can be clearly seen. The reason for
dure (starting at a somewhat larger distance and then ghaduathis is that the triangulation used to model the membrane is
inching closer) might seem overly complicated; howevas, th constantly changing, and this effects the measured foruwts a
“detour” is necessary if the final distance is closer th&ial  torques slightly. We calculate the force at zero torque émhe

and for consistency reasons we used the same protocol alg@ss by fitting a line to the 6 points nearest to the intercept,
for larger distances. and use the scatter of the calculated forces as an indiaator f
From this initial state the particle is tilted in small steps the error due to the finite triangulation size of our model.
from 6 = g to @ = 0. After each small step the force and The reader may also have noticed that so far we have not
torque acting on the particle is measured. The processiis theyet presented any of the measurenkrgies As explained
reversed and the particle is gradually tilted until it is iaga previously, the error introduced by the changing triangjoita
vertical. The force- and torque-traces for this process arénakes comparison of calculated energies difficult. Thistzan
shown in Fig. 1. Notice that the results for both scan direcclearly seen in Fig. 3, where we plot the measured energy dur-
tions essentially overlap, indicating that under thesedcon ing the above scans. This error in the calculated energydvoul
tions the process is reversiblieg, it doesn’t show “numer- seem problematic since we measure our forces and torques by
ical hysteresis”). We now identify the tilt angle at whicteth making small changes to the position and orientation of the
torque vanishes, since this corresponds to the equilibcuma ~ particle and looking at the change in energy. The forces and
figuration which a particle (at this separation to its mifror torques obtained from “virtual displacements” always com-
symmetric partner and this value for the curvature impsint ~ pare energies based on ts@metriangulation, thereby elimi-
will assume if it is orientationally unconstraint. To deténe  nating much of the triangulation noise. As the reproduitibil
the curvature-mediated force that such particles wouléexp Of the force and torque data in Fig. 2 proves, this method is
ence, we would simply have to find the value of the force corirustworthy.
responding to this zero torque condition. However, thedarg
step size used in these traces renders the correspondirtig res
too inaccurate. A further refinement is needed.
The tilt-scans are thus repeated, but rather than scanning
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