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A theory for the analytical prediction of microstructure of concentrated Brownian
suspensions of spheres in simple-shear flow is developed. The computed microstructure is
used in a prediction of the suspension rheology. A near-hard-sphere suspension is studied
for solid volume fraction ¢ < 0.55 and Péclet number Pe = 37r77"ya3/ka < 100; a is the
particle radius, n is the suspending Newtonian fluid viscosity,  is the shear rate, k;, is the
Boltzmann constant and T is absolute temperature. The method developed determines
the steady pair distribution function g(r), where r is the pair separation vector, from
a solution of the Smoluchowski equation (SE) reduced to pair level. To account for the
influence of the surrounding bath of particles on the interaction of a pair, an integro-
differential form of the pair SE is developed; the integral portion represents the forces due
to the bath which drive the pair interaction. Hydrodynamic interactions are accounted
in a pairwise fashion, based on the dominant influence of pair lubrication interactions for
concentrated suspensions. The SE is modified to include the influence of shear-induced
relative diffusion, and this is found to be a crucial for success of the theory; a simple model
based on understanding of the shear-induced self-diffusivity is used for this property. The
computation of the microstructure is split into two parts, one specific to near-equilibrium

(Pe < 1), where a regular perturbation expansion of g in Pe is applied, and a general-
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Pe solution of the full SE. The predicted microstructure at low Pe agrees with prior
theory for dilute conditions, and becomes increasingly distorted from the equilibrium
isotropic state as ¢ increases at fixed Pe < 1; Normal stress differences are predicted and
the zero-shear viscosity predicted agrees with simulation results obtained using a Green-
Kubo formulation (Foss, D. R. & Brady, J. F. 2000. J. Fluid Mech. 407, 167-200).
At Pe > O(1), the influence of convection results in a progressively more anisotropic
microstructure, with the contact values increasing with Pe to yield a boundary layer and
a wake. Agreement of the predicted microstructure with observations from simulations
is good. The predicted rheology captures shear thinning and shear thickening as well as
normal stress differences in good agreement with simulation; quantitative agreement is

best at large ¢.

Key Words: Smoluchowski equation, nonequilibrium statistical physics, suspension rhe-

ology, suspension microstructure

1. Introduction

Colloidal suspensions can be found in a wide range of applications and natural flows
including processing of cement and foodstuffs or flow of mud (Russel et al. 1995; Vermant
& Solomon 2005). Colloidal suspensions, commonly also called dispersions, are complex
fluids. These materials are distinct from simple fluids because the relative arrangement of
the constituents, commonly referred to as microstructure, is determined by the interplay
of particle scale forces with the motion imposed by macroscopic flow. A consequence
of this coupling is that the properties become flow-rate dependent. Of these properties,

we will be particularly interested in the rheology. Examples of complex fluids include



Electronic Supplementary Material (ESI) for Soft Matter
This journal is © The Royal Society of Chemistry 2012

Structure and rheology of concentrated colloidal suspensions 3

well-known non-Newtonian materials such as polymeric liquids and gels, in addition to
colloidal suspensions.

We have a substantial theoretical understanding of the transport properties of simple
liquids because these are determined primarily by equilibrium microstructure, for which
experimental and theoretical understanding is well-developed (Hansen & MacDonald
1986). By contrast, the theoretical foundations for complex fluid rheology are incomplete,
and the task is substantially more demanding than in the case of simple fluids. For
complex fluids, the nonequilibrium microstructure must be determined for any condition
(rate and composition), and then related through structure-property relations to the
rheological properties.

This work describes a theoretical framework to determine the microstructure of hard-
sphere colloidal suspensions, and demonstrates its application to prediction of the bulk
rheological properties of the mixture. We consider the hard-sphere colloidal suspension,
arguably the simplest complex fluid and thus a material for which a theory of some
completeness is possible. The simplicity arises from the small number of parameters
necessary to characterize the conditions. Because the size of the dispersed particles, a, is
typically 10 nm to 1 pm, Re, = pya®/n < 1, which implies that inertial effects at the
particle scale can typically be neglected in colloidal dispersions, i.e. the dynamics may
be assumed to take place at Re, = 0; here we specify a as the particle radius, 7 is the
fluid viscosity, and ¥ is the shear rate of the flow. Restricting attention to monodisperse
spherical particles, the microstructure and properties of the hard-sphere dispersion in
simple-shear flow can be expressed as functions of only two dimensionless parameters,

one being the volume fraction of the solid phase, ¢ = 47na®/3 where n is the particle

3mnya®
ky T

number density, and the other the Péclet number, Pe = , which is the ratio

of hydrodynamic (viscous) forces to Brownian forces. At Pe = 0, the dispersion is at
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equilibrium, while Pe — oo refers to the limit where the structure and rheology are
governed by hydrodynamics. For computational ease, we find it necessary to include a
short-ranged force and it is more appropriate to describe the system studied here as
a 'nearly hard-sphere’ dispersion. Despite their simplicity, nearly hard-sphere colloidal
dispersions show rich non-Newtonian rheological behaviors including shear-thinning at
low shear rates, shear thickening at high shear rates, and normal stress differences. These
behaviors are seen in both experiments (van der Werff & de Kruiff 1989; Zarraga et al.
2000) and simulations (Foss & Brady 2000). The microstructure and resulting rheology of
colloidal dispersions is of importance in describing such flow behaviors as shear-induced
migration (Leighton & Acrivos 1987b; Morris & Boulay 1999) and abrupt shear thickening
(Barnes 1989) and flow-induced jamming.

Simulation techniques such as Stokesian Dynamics (SD), which accurately capture
the near-field lubrication interactions and far-field hydrodynamic interactions in sheared
colloidal suspensions, allow investigation of the microstructure and rheology with valuable
insight to the role of Brownian, hydrodynamic and interparticle forces on the dynamics
of the dispersed phase and its impact on rheology (Brady & Bossis 1988; Sierou & Brady
2001). While the level of detail is not yet comparable to simulation, microscopy (Gao
et al. 2010) and scattering studies (Chen et al. 1994) provide experimental measures of
the relative distribution of particles. Theoretical study of the microstructure in sheared
suspensions has made significant progress since the pioneering work of Batchelor & Green
(1972b), but any theoretical formulation to date has been severely limited in its range
of validity. The existing theories tend to explore either near-equilibrium conditions, i.e.
Pe <« 1, for which concentrated conditions have been studied (Fuchs & Cates 2002;
Lionberger & Russel 1997; Brady 1993), or dilute conditions, ¢ < 1 where Pe >> 1 has

been considered (Brady & Vicic 1995; Brady & Morris 1997; Bergenholtz et al. 2002).
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This work utilizes certain elements of each of these groups of studies, in combination with
essential novel features motivated by theory for the equilibrium liquid state, to provide
a formulation describing the nonequilibrium response of colloidal dispersions over a wide
range of ¢ and Pe.

Near equilibrium structure developed in weak shear flow remains predominately con-
trolled by thermal forces and excluded volume. Therefore, theories in this limit are often
based in liquid-state theory. In these works, the many-body thermodynamic coupling
is modeled through the well-known integral equation formulations in liquid-state theory
while the role of hydrodynamics has been either neglected (Szamel 2001) or approximated
through simple mean-field arguments and near contact lubrication interactions (Lion-
berger & Russel 1997). Comparison with the available experimental data shows that the
predictions are primarily controlled by the method used to account for thermodynamic
coupling and different approximations of hydrodynamic functions have a minor influ-
ence. These results are limited to Pe < 1, and have not been extended to Pe > 1 where
hydrodynamics becomes a controlling factor. The integral equation approaches, so suc-
cessful for the equilibrium liquid state, are not readily extended to far-from-equilibrium
conditions, but the concept of coupling direct and indirect interactions is utilized in our
integro-differential formulation of the Smoluchowski equation (SE) for the pair structure.
The essential feature which makes the pair SE appropriate for general flow conditions
is that it represents a balance of the different and competing fluxes of pair probability,
and thus flow is naturally captured. This is quite different from the relation of direct and
indirect interactions appearing in such closures as the Percus-Yevick and hypernetted
chain approximations (Hansen & McDonald 1986) for equilibrium structure.

The primary challenges in describing concentrated suspension microstructure at the

pair level are to handle the many-body interaction, and to couple appropriately to the
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‘bath’ representing the influence of the other particles under flow conditions. This intrin-
sically raises two basic issues, one being the need to relate the pair distribution function
to the triplet distribution, say gs(r,ri3), and higher particle-number distributions. The
second is how to handle hydrodynamic interactions. We address both of these essential
difficulties in the present work. The closure of the hierarchy involving g3 is made us-
ing a modification of the Kirkwood superposition approximation, and more is detailed
regarding the hydrodynamic interactions just below.

The problems associated with many-body hydrodynamics can be eliminated in dilute
colloidal suspensions where interactions of more than two particles are assumed negligible.
This allows one to use isolated pair hydrodynamic functions, and shear-induced diffusion
is negligible. These dilute theories provide an understanding of the nature of anisotropic
pair structure and the consequent nonlinear rheology observed at Pe > 1. Brady &
Morris (1997) showed analytically that at Pe >> 1, there is a singular influence of short-
ranged interparticle forces, as these break the pair microstructural symmetry associated
with Stokes flow, leading to normal stress differences which do not vanish as Pe — co.
The pair structure becomes highly anisotropic, and develops boundary layer in g(r) near
contact where convection balances diffusion. Bergenholtz et al. (2002) solved the dilute
pair SE for simple-shear flow numerically over a wide range of Pe, and showed the
development of the wake corresponding to the noted boundary layer. They were able to
predict shear thinning at low Pe and shear thickening at large Pe, as well as a change in
sign of the first normal stress difference with increase of Pe, as also seen in simulations at
elevated ¢. Thus certain behavior in more concentrated suspensions is captured by dilute
theories, but much is not properly captured. Attempts to extend the dilute theories to
higher ¢ through scaling analysis (Brady & Morris 1997; Foss & Brady 2000) assume

that the effective mean-field outside the boundary layer can be represented by a uniform
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fluid with modified viscosity scaling as high frequency viscosity, 7o, (¢) at the desired ¢.
However, detailed study of ¢g(r) from SD simulations at Pe = 1 —1000 by Morris & Katyal
(2002) shows that the microstructural anisotropy changes qualitatively as ¢ increases at
fixed Pe. Specifically, at large Pe, the maximum value of ¢(r) shifts from being near the
compressional axis for ¢ < 0.3 to along the flow direction for ¢ > 0.35; this is reflected in
rheology significantly differing from what one would predict using the scaling arguments.
These rheological changes are most pronounced in the highly structurally dependent
normal stress differences. This shows the need for a detailed treatment of the structure
at large ¢ in sheared dispersions.

The present formulation provides a self-consistent method for modeling many-body
hydrodynamic interactions in concentrated suspensions at Pe > 1 and the resulting
rheology. The theory is motivated by the observation that particles near contact control
the properties and dynamics in concentrated sheared suspensions. This point was used
by Lionberger & Russel (1997), who proposed different approximations of hydrodynamic
functions based on mean-field arguments and near contact lubrication interactions. The
present theory of the microstructure is built on the assumption that short-range lu-
brication interactions determine the dynamics of particles, and on the recognition that
shear-induced diffusion plays an important role in setting the microstructure. The for-
mulation developed here can, in principle, be applied over the entire range of Pe and
¢, although here we limit the investigation to Pe < 100 and 0.1 < ¢ < 0.55. The res-
olution of current experimental techniques is not high enough to probe the details of
microstructure, and as an alternative we compare predictions of the theory with results
of our own Accelerated Stokesian Dynamics (Banchio & Brady 2003; Sierou & Brady
2001) simulations.

The paper begins in §2 with the formulation of the problem, and elaborates the steps
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taken to arrive at a closed integro-differential Smoluchowski equation for the pair dis-
tribution function, g(r). This is followed, in §3, by the description of the particle stress
contributions in terms of the pair microstructure. The solution technique for the mi-
crostructure equation is presented in §4. Predictions of microstructure and rheology at
various Pe and ¢, and their comparison with simulations, are given in §5.1 and §5.2,

respectively.

2. Microstructure
2.1. Smoluchowski equation of motion

We consider suspensions at very small particle-scale Reynolds number, so that inertia is
negligible and the motion can be described by Stokes equations. The microstructure is
assumed to be governed by the Smoluchowski equation, which for the N-particle config-

uration space is written

0Py L
TRl az::l Vo (o) =0, (2.1)

where Py(x1,X2,...,Xxx) is the N-particle configurational probability distribution, and

Jja is the probability flux associated with particle .. The flux is expressed as

B=N B=N
jo=|Ua+ > MEY Fs| Py~ Dus-VsPy, (2.2)

B=1 B=1
where Uy, is the velocity of particle a induced by bulk flow and hydrodynamic interactions
with other particles, Mg is the mobility of particle o to a force on particle 3, and
D,g = kT is the diffusion tensor. The force exerted on particle 5 may be expressed in

terms of an interparticle potential energy as Fg = —V3gV.

To reduce to an equation for the pair microstructure, (2.1) is integrated over all possible
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configurations of N — 2 particles keeping two particles fixed, which yields
Vi-(Ji)y+Va-(j2 )y =0, (2.3)
where (), is defined by
Py A)y(x1,%x2) = NV — 1)/APNdX3dX4...de. (2.4)

When gradients and fluxes are expressed in terms of the relative position vector, r =

X3 — X1, (2.3) simplifies to
Ve {(j2—Jji1)y,=0. (2.5)

Applying (2.2) to (2.5) yields:

Ve <<U>2P2 + (M -F),P, — (D), - Vi Py (2.6)

+ Tl/ (<(M23 - Mlg) 'F3>3P3 — <D23 - D13>3 . V3P3> dX3> = 07

with
U=U,- Uy, (2.7a)
D =2(Dy; — Dyy), (2.7b)
M = 2(MEV - MEY) = 2(RFV — REV) Y, (2.7¢)

and
F= % (2.7d)

Here, R¥V is the resistance tensor coupling velocity to force, with the subscript 12
indicating this is the coupling of the force on particle 1 due to motion of particle 2. The
integral term on the right hand side (RHS) of (2.6) is the additional flux induced by the
forces on the other N — 2 particles. The probability of finding a third particle between x3

and x3 + dx3 when particles 1 and 2 lie between x; and x; + dx; and x5 and x5 + dxo,
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respectively, is given by Psdxs. The mean relative velocity (U ), is obtained by averaging
the relative velocity of the pair at each r, over all configurations of the remaining N — 2
particles.

The relative velocity in each configuration fluctuates around the average value and the
velocity fluctuations result in a diffusion process. In a quiescent state, associated with an
equilibrium structure, Brownian velocity fluctuations drive the diffusion represented by
the well-known Stokes-Einstein relationship: Dy = kaMgg . Shear flow also drives a
random walk which may be described as a diffusion; this phenomenon is known as shear-
induced diffusion (Leighton & Acrivos 1987a; Sierou & Brady 2004). While Brownian
diffusion is proportional to the thermal energy of the system, kT, shear-induced diffusion
scales with the shear rate, and is thus the dominant diffusion mechanism at elevated
shear rates, i.e. at large Pe. To formulate a predictive theory for the microstructure
and rheology of a concentrated dispersion at Pe > 1, it is found to be essential to
include the shear-induced diffusion, as we will illustrate in the results section. However,
as seen in (2.6), systematic integration of the Smoluchowski equation does not take
into account shear induced velocity fluctuations and the resulting shear-induced relative
diffusion between a pair of particles. We note that there is no prior published work which

has addressed the shear-induced relative diffusion, which we incorporate as

(D), = kT (M), + (D7),, (2.8)
where k,T(M), is the Brownian diffusion and (D7), is the shear-induced diffusion,
whose functionality will be discussed below.

The combined force and torque balance for non-Brownian particles interacting only

through hydrodynamics can be formulated as

RFP.E>® RV . (U-U>) =0, (2.9)
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where the resistance functions, R# (coupling force and torque to a bulk straining mo-
tion) and RFY (coupling force and torque to velocity), are functions of the N-particle
configuration. For an isolated pair, the resistance tensors are well-known (Kim & Karrila
2005), and are only a function of pair separation vector, r. Following (2.9), the relative

pair velocity can be written

U, =UY +RY)"" (RFF:E™)_, (2.10)
where « labels the particle of interest. By contrast, with no hydrodynamic interactions,

the relative translational/angular pair velocity in a suspension with an external flow and
interparticle forces is

U, =UZ + R F,, (2.11)
where RV = 6mnal is simply a Stokes drag coefficient for this case.

Comparing (2.10) and (2.11) reveals a similarity. The force, F,,, is replaced by (RFE : E>),
in (2.10). Hydrodynamic interactions may thus be thought of as a composition of two
generally opposing forces: (1) the external force that drives the suspension flow and gives
rise to velocity U, and (2) the resisting force that imposes the effect of excluded volume
through fluid/particle interaction, RF¥ : E>. When no other forces are present, these
forces must be equal and opposite to yield a force-free (and torque-free) motion. We call
the second of these forces the lubrication force, F'** = RFF : E®, to indicate the pre-
dominate role of lubrication interactions for the conditions we will study. Including the
known pair resistance functions, the lubrication force that particle 2 applies on particle

1 for an isolated pair is

FLib = —6mna <X(r)(f' ‘E-#$)f+Y(r)(E-f—(# E- f)f)). (2.12)
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FIGURE 1. A schematic of the angle definitions and flow direction. 6 is the azimuthal angle
measured clockwise from the positive z axis and ¢ is the polar angle measured from x — y

plane.

Limiting values of the radially-dependent functions are

Y(r) = 0271 ) 52 Y(r) = >

3rd r>1,

where r = |r|/a, ¥ = r/r and € = r/a — 2. The first term on the RHS of (2.12) is the
lubrication force along the line of centers, and the second term is the force in the plane
normal to the line of centers, i.e. the local 6 — ¢ plane. The definitions of angles and
directions are shown in figure 2.1.

Recall that the lubrication force is repulsive in case of particles approaching, and is

attractive while they are being separated. Integrating (2.10) to the pair level yields
(U), =U>+ (M-F"")_. (2.13)

We now make a mean-field approximation by assuming that the pair is immersed in a
field that contains the average effect of the bath of the other particles. As a consequence
of this approximation, we neglect the convection flux induced by fluctuations in force and
mobility; however these fluctuations give rise to a diffusive flux which is captured through
shear-induced relative diffusion, (D7), in 2.8. The conditional averages are therefore

simplified as:

<M'F>2:<M>2'<F>2' (2-14)
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The mean-field approximation is expected to be valid if the suspension is not near maxi-
mum packing. Mean-field assumption allows the integral term in (2.6) to be modified as

follows:
/ (< (D3 — Dy3) - F3),P3 — (Da3 — D3, - V3P3>dX3 R~ (2.15)

</<D23 —D13>3P3d><3> </<F3 — V3 ln(P3)>3P3dX3) =0,

as both terms on the RHS are identically zero, bases on pair-particle symmetries. After
including lubrication forces, and applying the mean-field assumption, (2.6) is modified

to
Ve - (U“’g + (M), - ((F%), + (F'*");) g — (D), VrQ) =0, (2.16)
where FH9 represents forces due to potential interaction, and ¢ = P,/N is the pair
distribution function. Quantities are made dimensionless by scaling as follows:
r ~ a; D~ Do; M ~ Do/ka
(2.17)
FIS ~ kT/a; F ~ 3mnya?;, U® ~ a,

where Dy = kT /6mna. In dimensionless form, (2.16) becomes

& <U°°g+ (M), - <P6<Fl"b>2+ <FHS>2)g—Pel<D>2-vg> =0, (2.18)

where V is the dimensionless V., and we have defined the Péclet number,

. 2 . 3
Ya 3Tnya
P = — . 2.19
“ToDy T kT (2.19)
The boundary conditions are
Jb=0 at r=2 (2.20a)
g~1l as r— oo (2.200)

The first boundary condition implies zero radial flux at contact.
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2.2. Conditional Averages

In the convection-diffusion equation for the pair microstructure, the conditionally-averaged
quantities (F“?),  (FHS), (M), and (D), should be self-consistently expressed in
terms of r and g. To determine the conditional averages present in (2.18) in principle
requires including many-body hydrodynamic interactions. This is intractable, and we
make approximations based on the observation from experiments and simulation results
that the controlling configuration in concentrated sheared colloidal suspensions is parti-
cles near contact, where lubrication interactions control the dynamics. These interactions
can then be assumed to be summations of individual pair lubrication interactions; we
assume that long-range many-body hydrodynamic interactions have little effect on the
structure and are negligible. By treating the hydrodynamic interactions in this pair-wise
additive fashion, the problem is tractable, and the results described later support the

validity of the approximation for concentrated suspensions.

2.2.1. Mean forces, (FH5), and (F“t),:

We begin by considering F7° and F'“, both of which are steeply decaying functions of
r near contact. Due to the symmetry of the pair geometry, (F1), = —(F2),. Applying
the assumption of pair-wise additivity, the average force on particle 1, (Fy ), is formulated

as

(F1),9(r) = Fai(r)g(r) +n/F31(r31)93(1% r31)dras, (2.21)

where Fo; and F3; are forces individual particles 2 and 3 exerted on particle 1 respec-

tively, and r3; = x3 — x1. A steep repulsion was used to model hard-sphere forces:

—TE
HS TE A,
Fy° =—-F———r1

Fy =kT 2.22
i Fo=k/a, (2.22)
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where we recall that ¢ = r — 2. The parameter 7 controls the steepness of the repulsive
force, and we have used 7 = 200 for all calculations reported here. The hydrodynamic
force, F!* is defined according to (2.12).

It is necessary to express the triplet distribution, g3, in terms of pair distribution
function, g, through a closure approximation. A superposition approximation proposed

by Rice & Lekner (1965), given by

g3(X1,%2,%x3) = g(r21)g(r31)g(rse) exp [7*(r, r31, 9)] (2.23)

was used in this work. This closure modifies the standard Kirkwood superposition ap-
proximation through the final exponential term which models interactions of particles 1,
2 and 3 with other particles through numerical evaluation of “irreducible cluster inte-
grals”; Rice & Lekner (1965) extended this cluster expansion to 5 particles level using
a Padé expansion. We do not reproduce the full details here, but the interested reader
may find these in Table 1 and equations 13 and 14 in the Rice & Lekner paper. This
approximation gives very good agreement at equilibrium, Pe = 0, up to ¢ = 0.40, the
upper limit on ¢ for the Kirkwood approximation for the equilibrium triplet structure in
hard-sphere liquids. Yurkovetsky & Morris (2006) showed in their study of triplet corre-
lation that the standard Kirkwood approximation gives a reasonable measure of triplet
distribution at Pe > 1. The modified Kirkwood approximation is simple in format and
gives reasonable accuracy at Pe > 1; there is no obvious candidate to replace this closure

for nonequilibrium conditions. Applying (2.23) in (2.21) gives

(F1)y, =Fo(r) + TL/F31(I‘31)9(1‘32)9(1'31)6Xp [T*(r31, 1, ®)] drs;. (2.24)
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2.2.2. Mean relative mobility, (M ),:

To evaluate the mean relative mobility, we first calculate (R ),, and then use (M), =
(R),y ! The first level of approximation for formulating many-body effects is to consider

the effect of a third particle on (R ),. We write

(R)o(0)g = Rpuis (g + 1 [ (RO, 102) = Ropir () g, (225)

where R(r,r3;,r3s) is the resistance for particles 1 and 2 in the presence of a third
particle and Ry (r) is the resistance of the isolated pair 1 and 2; note that these are
the resistances associated with relative motion of the pair. The term in parenthesis in the
integrand of (2.25) is therefore the increase of the resistance to pair relative motion with
respect to the isolated pair due to the other particles captured through the third-particle
integral. To calculate the resistance components in triplet configurations for particles near
contact, the resistance is assumed to be pair-wise additive; for well-separated particles,
the third-particle effect on mobility is modeled through the method of reflections (Mazoor
& Van Saarloos 1982), and the mobility is inverted to obtain the modified resistance. For
intermediate separations R(r,rs;,r32) is obtained by interpolating between the near
contact and far-field results. This formulation imposes the effect of excluded volume in
a probabilistic fashion. For example, consider three closely-spaced particles along one
line with particle 3 between particles 1 and 2. In this case, particle 3 strongly inhibits
movement of particles 1 and 2 along their line of centers, and causes a significant increase
in resistance in this direction. If the third particle is far from both particles 1 and 2, it
has a small effect on the relative resistance.

After evaluating R(r,rs1,rs2) and applying (2.23), the average resistance, (R )o, is

now only a function of g and r. Tt is inverted to obtain (M), = (R);".
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2.2.3. Mean relative diffusivity, (D )a:

As noted previously, Brownian diffusion and shear-induced diffusion are captured in
a single relative diffusivity. Note that after scaling using 2.17, the Brownian diffusion
is, in dimensionless form, equal to the mobility, (M )s formulated above. The shear-
induced relative diffusion is the result of velocity fluctuations directly related to the
microstructure (Morris & Brady 1996; Brady & Morris 1997), which makes formulation of
shear-induced diffusion a difficult task even at the single particle level. While the relative
diffusivity due to shearing has not been well-studied, an approximation is obtained by
considering particles near contact and widely separated. When r > 1, the motions of
the two particles become uncorrelated, and shear-induced diffusion is the summation of

individual shear induced self-diffusion coefficients of each particle, i.e. 2D7,

a quantity
which has been well-studied and thus is assumed known from simulations or experiments
for each concentration (Foss & Brady 2000). Near contact, r —2 — 0, the relative velocity
along the line of centers goes to zero, and thus both radial velocity fluctuations and the
radial relative diffusivity vanish. The pair may, however, rotate around the center of

mass, and thus velocity fluctuations remain in the angular (§ and ) directions. These

considerations lead to a simple form for <D"">27 given in dimensionless form by

(D7), = g: (A(r)ff +B(r) (I — rr)> (2.26)

where D* is the far-field isotropic shear-induced self diffusivity. Simulation and exper-
imental results show that shear-induced self diffusion is mildly anisotropic and slightly
stronger in flow direction. We neglect this anisotropy and approximate the far-field rel-
ative diffusion with the strongest shear induced self-diffusion component, D* = D¥*
which is known from prior work (Foss & Brady 2000). The function A(r) determines the

radial variation of the diffusion coefficient in the r direction, while B(r) determines this
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radial variation for the 6 and ¢ directions. While relative motion of a pair of particles
along the line of centers may be highly restricted by other particles, relative motion in
the angular directions is less influenced. Lacking a clearly better choice, we assume that
the shear-induced diffusion takes on the far field value at all separations for directions

other than r, and thus B(r) = 1. The function A(r) is approximated as

1 r > 4.
A(r) = (2.27)
e n=32) r <4,
so that it decays from unity at r = 4 to 0 at » = 2. For larger values of n, the decay is
more rapid, but we note that for any n, A(r) < r — 2 as r — 2 so that relative radial
diffusion is dominated by the Brownian contribution sufficiently close to contact.

The value of n is a controlling parameter for the microstructure, and it is effectively
the only adjustable parameter in the theory. For each ¢ at Pe > 1, there is a critical
n value beyond which a convergent solution cannot be obtained. This limiting largest
value of n was determined for each ¢ and Pe studied, and results are reported only for
this value. Physically, this retains just enough shear-induced diffusion near contact to
maintain a stable disordered state.

This completes the formulation of a closed problem for the microstructure. All averaged
values in (2.18) are expressed in terms of g and r, and g will be determined by solving
the integro-differential equation (2.18) with boundary conditions expressed by (2.20a)
and (2.200).

The formulation in this form is, however, not convenient for obtaining structural
changes of O(Pe?) near equilibrium (Pe < 1). To address this weak perturbation limit,
we expand ¢(r) in terms of Pe, similar to regular perturbation techniques used previously

for dilute suspensions (Batchelor 1977; Brady & Vicic 1995):

g(r)=g%(r) + Pe g (r) + Pé? g (r) + O(P65/2), (2.28)
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where the superscript eq implies the equilibrium structure. The rheology is Newtonian
to O(Pe) and for obtaining non-Newtonian rheology the expansion should be pursued to
Pe? (Brady & Vicic 1995). Incorporating the expansion to (2.16), equations are obtained
for g°¢, g and ¢(®. The equation governing g°?(r) is
v <<UW>2 (1) g () + (M), (r) - Vg™ <r>> -0 (229)
where U*®? is defined by
(041}, (1) = (M0, (1) - (F5 1) 4 0 B (1) 0 () 970 () xp () i ).
(2.30)
The quantities are rendered dimensionless using the scalings given by (2.17). For Pe < 1,
shear-induced diffusion can be neglected in comparison with Brownian diffusion, and
therefore we have (M®), (r) = (D), (r) in the dimensionless form. Due to the noted
limitation of the Kirkwood superposition closure at high concentrations, g¢?(r) was ob-
tained using the Percus-Yevick approach (Throop & Bearman 1965).
The equation governing g(Y(r) is
v <<U D)2 0% (1) + (U, (r) g™ (1) + (M), (r) - VgV <r>) =0, (231)

where (U%), (r) = (M®), (r)-VIn (¢ (r)), from (2.29). The velocity (U'), is given by

(Uh), (r) = (M), (r) - (F““’ (r) +n / F' (r31) g% (r31) g°7 (rsz) exp (7%) drs1 (2.32)
+n/FHS (r31) (9(1) (r31) g°? (r32) + 91 (r32) g°? (r31) ) exp (77) dr31>.

The boundary conditions are zero radial flux at the contact surface (r = 2) and g™ — 0

as 1 — 0o. Substituting (2.32) in (2.31) yields an equation with only ¢(*) unknown.
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The equation governing g2(r) is
v <<U2>Qgeq (r) +<U1>2 (r) g™ (r) (2.33)
+(U), (r) g2 (x) + (M), (r) - Vg (r)> =0

where <U1>2 (r) g (r) is known from the previous step and <U2>2 is given by

<U2>2 (r) = <Meq>2 (r) - (”/FHS (1‘31)9(1) (1‘31)9(1) (r32) exp (77) dra; (2.34)
+n / F'? (r3)) (g(l) (r31) g (r3z) + geq(r31)g(1)(r32)> exp (77) dr3;
+n/FHS (r31) (9(2) (r31) g°7 (r3a) + g (r32) g (1'31)) exp (1) dI‘31>.

The boundary conditions are again no flux at contact and ¢g» — 0 as r — co. Sub-
stituting (2.34) in (2.33) and using g™ (r) determined in the previous step, the only
unknown is ¢g(® (r). The solution technique used for solving these integro-differential

equations is similar to the method used for general Pe, to be described in §4.

3. Rheology

We start with the formal expressions for suspension stress. The bulk stress in the

suspension is given by
(Z)=PI+2E> +n ((S")+(S")+(87)), (3.1)

where PI + 2nE> is the pure fluid stress contribution, and the other terms are stresses
contributed by the particle phase. The contributions by individual particles are the
stresslets (SP), (SH) and (S?), giving the Brownian, hydrodynamic, and interpar-
ticle stress contributions, respectively. Here, ( ) denotes an ensemble average taken over

all particles and configurations. These stress contributions can be expressed in terms of
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resistance tensors as (Brady 1993; Brady & Morris 1997)

(8P) = —kT (V- (R°Y - (R"Y)71)), (3.2a)
(8) = (R*7. R"")"1.RFF —RF) . B, (3.2b)
(87) = = ((:I+ R - (RT)™) - F), (3.2¢)

where RSV is the resistance tensor that relates the particle stresslet to particle motion
relative to the bulk flow, and R relates the stresslet to the bulk rate of strain. To

correctly couple microstructure to rheology, (S) is formulated in terms of g(r) as follows:

(8)=n [ (8), ()9 (w)r, (33)
where (S),(r) is the average stress on each particle in a pair configuration. This stress
is a result of interactions of the individual pair and their interaction with the rest of
particles at each pair separation r. (S ), is formulated following (3.2) relations, replacing
() with (),. We approximate the conditional pair averages appearing in the formulation

of the stress as outlined below.

3.1. Brownian stress, <SB>

Following (3.2a) and (3.3), Brady (1993) divided the Brownian stress contribution to two

parts:
n(SB) = £B1 | 582 (3.4a)
<2737:1> = 7P671%¢2/nngd5. (3.4b)
<§::;2> = Pe—1%¢2/<RSU L (RFU)1), . Vgdr, (3.40)

where n is the unit vector along the line of centers, from particle 1 to 2. The advantage
of this separation is that B!, which is evaluated through a straightforward surface

integration, becomes the dominant Brownian contribution for large ¢ (Brady 1993). To
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compute the second term, <RSU ~ (RFU)’1> is needed. Very near contact, pairwise
2

lubrication interactions dominate and <RSU . (RFU)*1> — (RSU . (RFU)*I) as

2 pair

r — 2, where subscript pair refers to the isolated pair system; this quantity goes to zero
as 2 for r > 2. The pair distribution function, Vg, is maximum at contact. Hence the
main contribution to the stress comes from the boundary layer volume (Brady & Morris
1997) near contact, and 52 is approximated as

LR 27
<W> ~ Pe*lﬂgﬁ? /bl RV (RFY)7Y) . - Vgdr, (3.5)

where the subscript bl refers to integration being carried out inside the boundary layer.
We define the boundary layer as the volume adjacent to the contact surface where the
angularly averaged pair distribution function is larger than unity: §(r) > 1. This formu-
lation converges to the exact form for dilute suspensions when only pair interactions are

considered, and provides a reasonable approximation for concentrated suspensions.

3.2. Interparticle force stress, <SP>

We consider the influence of the hard-sphere force, F#S  and lubrication force, F!“.

Recall that F'*? is introduced to mimic hydrodynamic interactions, so the role of this
force on the stress will be considered hydrodynamic for the stress calculation. We model
F5 using a steep short-range repulsion negligible at any r except very small distances
from the hydrodynamic contact surface. Since <RSU -RF U71>2 — rit, the term in
parenthesis in (3.2¢) goes as r — 2 for individual pairs near contact. On the other hand,
from (2.22), FS — (r—2)~1 only at contact. In fact, (S¥), is zero except at contact in a
true hard-sphere suspension, which makes (S*’) identically zero. Because a steep repulsive
force is used to model the hard-sphere interactions, (S¥), will be non-zero in a thin

layer at the contact surface. This layer becomes thinner as the repulsive force becomes

steeper with increase of 7 in (2.22). A scaling analysis shows (S¥) ~ g(r = 2F) Ar where
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Ar ~ 771 is the thickness of the layer over which the repulsive force decays to zero which
makes (ST) ~ O(771)(S®). Therefore the contribution from interparticle forces on the
bulk stress is negligible compared to Brownian and hydrodynamic contributions, and will

not be further considered here.

3.3. Hydrodynamic stress, <SH>

The hydrodynamic stress term requires an approximation of the conditionally averaged
hydrodynamic resistances, R%F and RSV, whose average form is less clear than that of
RFU . The singular nature of resistance functions at contact and the need for a renormal-
ization quantity to make the integrals converge adds to the difficulties even in case of an
isolated pair (Batchelor & Green 1972a). We assume that the stress contribution is max-
imized near contact due to lubrication interactions, so that the hydrodynamic stress can
be approximated by the boundary layer lubrication stresses. The main contribution to the
hydrodynamic stress comes from the constraint of relative pair movement along the line
of centers (driven by the extensional portion of the bulk flow). We therefore focus on the
stress induced by relative motion of the pair along the line of centers (ff component) and
ignore the stress generated by pair angular and rotational motion (I — ¥ component).
For the case of particles nearly touching, the lubrication theory gives RSF ~ RFFPiq
and RFF ~ RFUtq. Also, from the Lorenz reciprocal theorem RSV = (RFE)T (the
superscript T here implies transpose). Thus, using (2.9), the average ¥ component of
the stress on each particle near contact can be written

sH 27
n{S7) | —qbQ/ RFUU, #tg dr, (3.6)
my 16m " Ju

where U, is the relative radial velocity, with U, o r — 2 as r — 2. The quantity REV ~
(2(r—2))~! yielding REV -U,. = O(1) at contact. The stress is controlled by the force with

which pairs are pushed together (or pulled apart) along their line of centers near contact.
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Note that £t in (3.6) and nn in (3.4b) are different presentation of the same quantity; this

is done to differentiate volume integrals using rr space from surface integrals using nn.
Brady & Bossis (1988) showed in early Stokesian Dynamics (SD) results that the added
force due to large concentration surrounding a pair near contact (where resistance is
strictly by the intervening fluid) causes pairs to approach more rapidly near contact as the
concentration is increased: two particles nearly touching find themselves in an increased
‘effective’ shear rate. This concept is seen in the boundary layer scaling analysis by Brady
& Morris (1997) for hydrodynamic stress in concentrated suspensions, where a modified
Péclet number, or dimensionless effective shear rate, used the high frequency dynamic
viscosity, 1eo (¢). Foss & Brady (2000) and Sierou & Brady (2002) showed that this scaling
agrees well with SD results for shear stress; however, the scaling was not applicable
to particle pressure and normal stress differences. The advantage of our approach is
that, rather than scaling the effective shear rate, the radial velocity of a pair comes
naturally out of the forces predicted by the theory. This enables us to study in detail
how the relative motion and probability distribution impact on the magnitude and trend

of particle pressure and normal stress differences.

4. Solution technique

Equation (2.18) is nonlinear due to the product of pair distribution functions resulting
from the closure approximation. We solve this equation by using an iterative technique.
An initial guess for g(r) is obtained by ignoring the many-body integral terms. We thus
first solve the dilute-limit equation for g, with conditional averages equal to the well-
known isolated pair hydrodynamic functions. The resulting convection-diffusion equation
is solved numerically by a finite element technique to obtain ggute(r), which in turn is

used to evaluate the integrals of the conditional averages appearing in (2.21) and (2.25).
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The calculated average values then replace the isolated pair values in (2.16), and the

modified differential equation is solved to obtain g(r). The process is repeated until the
i—1

iterations yield a converged g(r). The convergence criterion used here is gfna;—gm <
‘max
107 where g7, . is the maximum value of g at i*" iteration.

The mesh generation for FEM was carried out by discretizing the r space in spherical
coordinates, r = (1,6, ). The pair microstructure satisfies the symmetry g(r) = g(—r).
Also, for simple-shear flow we must have g(r, 0,0 ) = g(r, 0, —¢). These symmetry proper-
ties reduce the calculation to a quarter of the full domain, i.e. 2 < r < o0, 0 < 0 < 7 and
0 < ¢ < 5. Equally spaced nodes were used in the 6 and ¢ directions, withA 6 = 7 /24
andA ¢ = 7/24. For accurate calculation of g(r) at Pe > 1, several radial nodes should
be inside the boundary layer, as seen also in sampling of microstructure (Morris & Katyal
2002). Hence, a structured mesh was generated in the radial direction with node spacing
increasing fromA 1o at the contact surface as follows:A r; = Argg?~! where j is the
number of the element and ¢ > 1 controls the increase of radial spacing between ele-
ments. HereA rg = 0.001 and ¢ = 1.1 were chosen for all ¢ and Pe. The outer radius of
the computational domain was chosen as r = 10, which is found to be sufficiently large
to capture all long range correlations for the conditions studied. The influence of mesh
density was tested and the results were independent of the mesh density. For instance
withA ro = 0.0002,A 6§ = 7/48, andA ¢ = /48 the results were within 0.05 relative
error of the regular meshing. Integrals involved in calculating conditional average quan-

tities were carried out numerically by discretizing the integration domain for each pair

separation r in the same fashion as described for the FEM calculation.
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5. Results

Results are provided separately for the microstructure and rheology. First, the predic-
tions of microstructure are given. We begin by describing results from the perturbation
formulation for Pe < 1 at a range of ¢. This is followed by a description of the pre-
dicted pair distribution function, g(r), for a range of Pe at ¢ = 0.30 and 0.40, with
comparison to the results from Accelerated Stokesian Dynamics simulation at the same
conditions. To investigate the variation with concentration at conditions far from equi-
librium, predictions of g(r) at Pe = 10 over a range of ¢ are also provided and compared
with simulations. We note that the bulk of results presented are for g(r) in the shear
plane where the effect of external flow on microstructure is maximized, but all calcu-
lations are fully three-dimensional. The rheological predictions based on the computed

microstructure follow, again with comparison against the findings from simulation.

5.1. Microstructure

We begin by considering the form of g(r) computed by regular perturbation expansion
at Pe < 1. Brady & Vicic (1995) showed that for Pe < 1, the solution to ¢ (r) and

g@ (r) are of the form
gV ()= f(r)E-E-p), (5-1a)
gD () = —ho(r) (@ -E-#)2 —hs(r)(&-E-Q-#) —hy(r)(&-E-E-t) — hs(r)(E : E), (5.1b)
where E and € are the rate-of-strain and rate-of-rotation tensors, made dimensionless
by the shear rate, 4, of the imposed shear flow. In earlier work, Wagner & Ackerson
(1992) showed that (5.1a —5.1b) can be presented in terms of a finite number of spherical

harmonics:
gV (r) = go,_2(r)Ya, o (5.2a)

9@ (r) = goo(r)Yoo + g20(r)Yao + g2 (r)Yaz + gao(r)Yao + gaa(r)Yaa. (5.2b)
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FIGURE 2. The angular variations of the perturbation solution ¢‘®(r) at the contact surface

and azimuthal angles ¢ = 0, 7/6, 7/3 for ¢ = 0.40 suspension.

Solutions to g(!) and ¢(® were obtained here by three-dimensional FEM calculations,
with no presumed functionality for the solution; however, the computed ¢(*) and ¢(®
were decomposable to (5.2a — 5.2b) with very good accuracy. Figure 2 shows ¢ (r) as a
function of 8 at r = 2 and different ¢ for a suspension of volume fraction ¢ = 0.40. The
results are given for 0 < 6 < 7 since g(r, 0,0 ) = g(r,m + 6,p). The variation is similar
for other concentrations, but the magnitude of the ¢(® is a strong function of ¢. This is
evident from figure 3 which presents the values of the harmonic coefficients at contact
as a function of ¢ when the solutions are decomposed onto (5.2a) and (5.2b). The data
at ¢ = 0 is the predictions of the dilute theory of Brady & Vicic (1995). The results are
given for ¢ < 0.50; no convergent solution could be obtained for g(l)(r) at higher ¢.

Here and hereafter, structural results are from the full theory, as opposed to the per-
turbation results above. Figure 5.1 shows the pair distribution function at contact in
the shear plane (z - y) at Pe = 0.10, 0.20 and 1 for ¢ = 0.30 and 0.40. The simulation
results for Pe = 0.10 and 0.20 are noisy, and as a result only the simulations at Pe =1
are presented for comparison. The angular variations of ¢(2;6) for both concentrations
have a sinusoidal form at Pe = 0.10, as expected for Pe < 1. For ¢ = 0.30 the angular

variation remains similar as Pe is increased. By contrast, the changes in angular variation
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FIGURE 3. The values of spherical harmonic coefficients at » = 2 obtained by decomposing the

perturbation solutions based on the the forms given by (5.2a — 5.2b).
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FIGURE 4. Pair distribution function at contact in the shear plane from the solution of the full

pair equation for Pe = 0.10, 0.20, and 1: (a) ¢ = 0.30 and (b) ¢ = 0.40.
are significant for ¢ = 0.40; for example, consider the appearance of a secondary peak in
g(2;0) for Pe =1 in both simulation and theory.

Figure 5.1 compares the predicted g(r) for ¢ = 0.40 and Pe = 1 with simulation results
restricted to the shear plane. The results are given for half of the plane, recalling that
g(r) = g(—r). The half circle in the center is the excluded volume region, r < 2. The the-
ory captures the near contact anisotropy and the main features of the pair microstructure

away from contact, including the next nearest neighbor peak in the compressional quad-
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FIGURE 5. The pair distribution function, g, in the shear plane for Pe = 1 and ¢ = 0.40
suspensions: (a) Theory prediction (b) results of simulation samplings. The colorbar is the same

for the two figures.

rant (near r = 4) and the zones depleted of pair correlation. A discrepancy is seen as the

distortion of pair microstructure is predicted to be stronger than observed in simulation.

The pair distribution function at contact, g(2) for brevity, is presented in figure 6 for
Pe = 10 and different volume fractions, again restricting attention to the shear plane.
For ¢ = 0.20, g(2) shows a maximum in the compressional quadrant for both simulation
and theory, while at higher ¢ a secondary peak appears in both cases. The largest value
of g moves to angles closer to the flow direction with increase of ¢, and at ¢ = 0.55 the
maximum is in the flow direction for both simulation and theory. The single peak which
is present at lower ¢ remains but becomes lesser in magnitude with increase in ¢; this
peak appears at 8 ~ 100° for ¢ = 0.30 and moves to 8 =~ 120° for ¢ = 0.55, while for
the theoretical prediction the angle is largely unchanged at 5 =~ 120°. We see that an
increase of volume fraction not only increases the magnitude of g(r) near contact but also
changes the form of the microstructure anisotropy; this is important for its rheological
consequences, as it renders simple scaling analysis invalid, in particular for the nonlin-
ear rheology found in the normal stress response of the material. The theory captures

the much of the observed anisotropy correctly, but there are systematic deviations from
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FIGURE 6. The pair distribution function at contact in the shear plane for Pe = 10: (a)
¢ =0.20, (b) ¢ = 0.30, (c) ¢ = 0.40, and (d) ¢ = 0.55.

simulation results. For example, theory over-predicts the value of the pair distribution
function along the flow direction for all volume fractions. Also, the peaks in g(2;6) ap-
pear at larger angles (measured from the flow direction) with respect to simulations. It is
interesting to note that the agreement with simulation of the theoretical prediction im-
proves with increasing ¢, suggesting the approximations made in formulating the theory
become more accurate for more concentrated suspensions.

Figure 7 compares g(r) from simulation with theoretical predictions at Pe = 50 for
¢ = 0.40, showing values in the shear plane. The maximum value of ¢ is truncated to 10
to facilitate visualization and comparison of specific features of microstructure (colorbars

are identical). At this elevated Pe, a clear boundary-layer structure is seen as found in
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FIGURE 7. The pair distribution function at contact in the shear plane for Pe = 50 and ¢ = 0.40:
(a) theoretical prediction and (b) results of simulational sampling. The colorbar is the same for

both figures.

theory (Brady & Morris 1997) and simulation (Morris & Katyal 2002) studies. In the
simulation results presented here, the boundary layer dissipates in a considerably shorter
distance from the pair contact surface than seen in the predicted results. In the theoret-
ically predicted structure, the high probability region extends downstream to r ~ 4 in
the extensional quadrant. The spatial distribution of high and low probability regions is
similar for theory and simulation, but the variations are intensified in the theory predic-
tions. The high probability zone convected down stream is a point of clear discrepancy:
for simulation, this region continues in the flow direction, while in the predictions it
separates from the boundary at an angle with respect to the flow direction.

Figure 8 shows g(r) at contact in the shear plane, for ¢ = 0.40 with Pe = 25 and
50. From figures 8 and 6(c), we see that the main features of the angular variations at
contact do not change significantly as Pe increases from 10 to 50; for example, the angles
at which the peaks in g are observed remain similar for both simulation and the theory
developed here. Increase of shear rate (i.e., Pe) simply amplifies the observed features.
The same behavior is observed for other concentrations studied.

The variation of g(r) with the angle ¢ about the flow axis, with ¢ = 0 on the shear

plane, is similar for all Pe and ¢ studied. Figure 9 presents contact values of g as a
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FIGURE 8. Angular variations of pair distribution function at contact in the shear plane for

¢ = 0.40: (a) Pe =25 and (b) Pe = 50.
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FIGURE 9. Pair distribution function at contact on different planes characterized by the angle

 measured from the shear plane, for ¢ = 0.40 and Pe = 10.
function of @ for different ¢ at Pe = 10 and volume fraction ¢ = 0.40. Microstructural
distortion decreases with increase of the angle .

Finally, we present in figure 10 the critical n, with n defined by (2.27), as a function
of Pe for ¢ = 0.20, 0.30, and 0.40. We notice that values of critical n for obtaining a
convergent solution decrease as Pe increases, appearing to approach a plateau for each
volume fraction. Recall that according to (2.27), larger n results in faster decay of relative
radial shear-induced diffusion from its farfield value as the position of interest nears

contact (the radial diffusivity is zero at contact). Figure 10 also shows that the values
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FIGURE 10. The critical n in the shear-induced relative diffusion model (2.27), determined as a

function of Pe for ¢ = 0.20, 0.30, and 0.40.
increase with ¢, e.g. shear-induced diffusion starts to decay to zero at a larger separation
for lower volume fractions. This is consistent with the physical phenomenon modeled,
noting that when r < 4 and no particle can be placed between, pair relative velocity
fluctuations are induced through the particles surrounding the pair. As the suspension
becomes more dilute, the behavior is dominated by the pair interactions alone, as these
externally-induced fluctuations are weaker and the decay toward the zero value at contact

begins at larger separation.

5.2. Rheology

We present the predicted steady-shear rheology of suspensions in simple-shear flows. The

rheology is characterized by the shear viscosity, n =

ET’I‘ - Y EH -
7yy and Ny = Uizz
nm ny

mensionless form. As discussed in §3, the stress associated with the solid phase is divided

stress differences, (]\71 = ), respectively, with all in di-

into hydrodynamic and Brownian stress contributions, with negligible interparticle force

contribution, and thus we write

7T =1+9% +9", NI =NE+NF, and NI =NP+NE,
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FIGURE 11. Brownian (M, O ) and hydrodynamic (A, A) contributions and total value (o, ®) of
zero-shear rate viscosity as a function of volume fraction. Filled symbols present theoretical pre-
dictions based on the perturbation solution at Pe < 1, and the open symbols are the Stokesian

Dynamics simulation results of Foss & Brady (2000) at Pe = 0.

where superscripts T, B, and H correspond to the total, hydrodynamic, and Brownian
stress, respectively. The pair distribution function computed theoretically is used to de-
duce the Brownian contribution to the particle stress through the relations (3.4b) and
(3.5); the hydrodynamic contribution is calculated as shown by (3.6).

Figure 11 shows the hydrodynamic and Brownian contributions for the zero-shear rate
viscosity based on the perturbation solution for g(!) (r) alongside the Stokesian Dynamics
simulation results of Foss & Brady (2000) (these are computed for Pe = 0, using a Green-
Kubo formulation) as a function of volume fraction. We see excellent agreement between
the simulation results and predictions, indicating that the theory predicts the structure
accurately near equilibrium. The results are presented for ¢ < 0.50, the largest ¢ for
which a convergent solution for g()(r) can be obtained.

While the zero-shear viscosity is well-understood for hard-sphere dispersions, examina-
tion of normal stress differences near equilibrium has been limited (Brady & Vicic 1995).
The magnitude of normal stress differences becomes very small near equilibrium, and

this makes their experimental measurement difficult. Simulations by Stokesian Dynam-
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ics (in standard and accelerated versions) for Pe < 1 find the fluctuations comparable
to the average value as shown by Foss & Brady (2000) and also in the simulations of the
current work. This makes comparison with theoretical findings difficult. Considering the
functionality of the perturbed microstructure, (5.1a - 5.1b), and the stress formulations
(3.4b, 3.5, and 3.6), one can show that g®(r) and g™ (r) have no contribution to N

Ny

and NQ. Therefore, the normal stress differences scale as Pe? for Pe — 0, and x; = Pe
e

and yo = % should be constants in this limit. In figure 12 we present x; and 2 as a
function of volume fraction. The data for ¢ = 0 is the dilute theory prediction by Brady
& Vicic (1995). Zero-shear viscosity values are given for comparison of the volume frac-
tion dependencies. We see that x; and xo are stronger functions of ¢ than the zero-shear
viscosity. This is in agreement with the scaling analysis made by Brady & Vicic (1995),
where they proposed /) ~ (1 — ¢/dp,) "2 and x; ~ (1 — ¢/pr) "2 as ¢ — ¢, a form also
used in constitutive modeling by Frank et al. (2003). Note also that the magnitudes of
N; and Ny are similar up to ¢ = 0.37, above which ¢ the value of N, grows more rapidly
than Nl.

We now consider the rheology determined from the structure deduced based on the
full theory. We focus on strongly perturbed microstructures over a range of Pe and ¢
and compare the predicted rheology with simulation results.

Figures 13(a) and 13(b) compare the theoretically predicted values for Brownian and
hydrodynamic contributions to shear viscosity to the simulation results for ¢ = 0.30 and
0.40, respectively, considering a range of Pe. The error bars are the standard deviation
of the shear viscosity from its average value, as determined by simulation. The relative
magnitude of the error bar with respect to the average value for each Pe is similar for
both ¢ = 0.30 and 0.40, and the error bars are only presented for a few data points at

¢ = 0.40 to aid visualization. However, we note that the error bars become smaller as Pe
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FI1GURE 12. Near-equilibrium predictions based on the perturbation analysis of the microstruc-
ture, for x1 = Nl /Pe and —x2 = —]\72 / Pe at different volume fractions. The zero-shear viscosity

values are also presented.

increases. For both ¢, the decrease in Brownian viscosity with increasing Pe in the lower
range of Pe and increase of hydrodynamic viscosity at high Pe are more pronounced in
the predicted results than seen in simulation. This results in stronger shear thinning and
shear thickening of the total viscosity for the theory than is observed in simulation. In
essence, the theory over-predicts the apparent shear rate, and we find that the agreement
is improved if the theoretically predicted results are shifted to higher values of Pe.
Figures 14(a) and 14(b) compare the predicted Pe-dependence of the first and sec-
ond normal stress differences with simulation results for ¢ = 0.40. The dotted lines
for 0.01 < Pe < 0.2 are the near-equilibrium perturbation results for Nl = x1Pe and
Ny = Xx2Pe (see figure 12). The Brownian contributions are given in the inset figures. Un-
like simulations which have yet to successfully recover zero normal stress differences very
near equilibrium (note the error-bars at Pe < 1 in figure 14) the predicted normal stress
differences tend linearly to zero for Pe < 1. As a result, a maximum is predicted in N 1
which changes sign from positive to negative at intermediate Pe. The comparison shows
that the signs and general trends for the normal stress difference are predicted correctly.

Quantitative agreement is not obtained. Similar to the shear viscosity, the magnitude of
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FIGURE 13. Brownian (M, O ) and hydrodynamic (A, A) contributions and total value (o, e) of
relative viscosity as a function of Pe for (a) ¢ = 0.30 and (b) ¢ = 0.40. Filled symbols present
the predictions and the open symbols are the results of ASD simulation. The predictions at

Pe = 0.01 are from the perturbation solutions for the microstructure.
Brownian contribution decreases with Pe more rapidly in predictions than is found in
simulation. The absolute value of N; for Pe > 1 is also significantly over-predicted.
Figure 15 presents the variations of shear viscosity and normal stress differences with
volume fraction at Pe = 10. Error bars for the simulation data are of the same order of
magnitude for N, and Ng, and are presented only for Ns. Error bars for shear viscosity
are the size of the symbols and are not presented. The results are presented for ¢ < 0.50
where the system is in the disordered state for all Pe; we avoid consideration of the
ordered phase formed at Pe > 10 and ¢ > 0.50 in simulations (Kulkarni & Morris
2009). The predictions and simulation results for shear viscosity are in good agreement
while for normal stresses, the predictions have the correct sign and are within the range of
error-bars. However, the magnitude of first and second normal stress differences are over-
and under-predicted, respectively (except at the lowest volume fraction, ¢ = 0.20). The

same trend is observed for higher Pe. This suggests that the anisotropy of the predicted
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FIGURE 14. Dimensionless first and second normal stress differences for ¢ = 0.40 as a function
of Pe. The inset figures present the Brownian contributions and the dotted lines at Pe < 0.20
are the perturbation results. Filled symbols present the predictions and the open symbols are
the results of ASD simulation.
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FI1GURE 15. The predictions and simulation results of normalized shear viscosity and normal

stress differences at Pe = 10 and different ¢.

structure has a systematic deviation from the observed structure in simulation, but the

precise basis has not been determined.

5.3. Discrepancies between theory and simulation

The theory developed here breaks significant new ground in describing the microstructure

of concentrated nonequilibrium dispersions. In order to facilitate further progress in the-



Electronic Supplementary Material (ESI) for Soft Matter
This journal is © The Royal Society of Chemistry 2012

Structure and rheology of concentrated colloidal suspensions 39

oretical rheology of dispersions using this theory, its shortcomings as seen in comparisons
against Stokesian Dynamics simulations are outlined briefly.

As shown in figure 5.1 and 5, the distortion of microstructure from the equilibrium
distribution is stronger in theoretical predictions. Direct consequences on the rheology
are seen in the stronger predicted shear thinning and shear thickening; in addition, this
leads to the decrease in Brownian normal stress differences at lower Pe than seen in
simulation, as shown in figure 13 and the insets of figures 14(a) and 14(b). Although
the average value of pair distribution function near contact is accurately predicted, the
predicted microstructural anisotropies are generally systematically over-predicted: the
predictions generally correspond to simulation results seen for either higher ¢ at the
same Pe, or at a higher Pe for the same ¢. This is clearly seen in figure 6 where the
locations of the peaks and the value of g(2;6) along the flow direction at each ¢ resemble
simulation data for a denser suspension at the same Pe. Hence, as shown in figures 6 and
8, the theory over-predicts the peak in g(2) in the flow direction. This impacts upon the
rheology as expected: 3. has a stronger compressional (negative) component than the
simulations while f?yy is less compressive which causes larger negative N; and smaller

negative ]\72, as seen in figures 14 and 15.

6. Concluding Remarks

A microstructural theory for concentrated colloidal dispersions of near-hard spheres
has been developed based on the Smoluchowski equation. The theory results in an integro-
differential equation for the pair distribution function, which for steady simple-shear flow
is studied here for Péclet numbers ranging from near equilibrium to strongly sheared
conditions. The resulting structure is applied to predict the steady shear rheology of the

suspension, and both structure and rheology are compared against our own simulations by
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the Accelerated Stokesian Dynamics algorithm. Agreement between simulation and the
predictions of the theory are qualitatively very good, with some systematic quantitative
discrepancies which have been described.

In formulation of both the microstructural theory and the rheology, approximations
based on the central role played by near-contact interactions are employed. These ap-
proximations allow a reduction of the many-body hydrodynamic interactions to pair-wise
lubrication interactions. The success of these approximations reveals an important as-
pect of how correlation is transferred in suspensions under shear flow. This theory is
motivated in part by the integral equation techniques for equilibrium structure in liquids
(Hansen & McDonald 1986). The similarity lies in the coupling of the interaction between
the pair of interest to the influence of the bath through probabilistic methods. However,
the earlier integral equation techniques are formulated as equilibrium methods and thus
their extension to nonequilibrium conditions is unclear. By contrast, the Smoluchowski
equation is intrinsically a transport equation for the probability distribution for configu-
rations, and it thus introduces rate dependence naturally. When reduced to a description
of the pair distribution function as we have done here, the coupling to the other particles
is directly seen in the average forces these particles apply to drive the pair together or
apart. This is physically appealing and leads naturally to well-justified, though probably
improvable, approximations.

A feature in the theory which is novel is the introduction of a shear-induced component
to the relative diffusion of a pair of particles. This diffusivity is closely related to the
shear-induced self-diffusivity (Morris & Brady 1996; Sierou & Brady 2004), but in prior
treatments of the structure of sheared suspensions has not been implemented. For theories
considering dilute dispersions (Brady & Morris 1997), this is justified, but at ¢ not near

zero there is clearly a dispersion around the mean pair relative velocity. From a Fokker-
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Planck perspective on the microstructure, this dispersion — which will be dominated
by shear effects at elevated Pe for moderately to highly concentrated dispersions —
must be included to obtain a proper description. In fact, we find that neglecting this
dispersion while including the mean forces (due to the surrounding particles) driving a
pair interaction leads to divergence in the pair correlation at contact. Hence, we see that
the source of the large microstructural correlation seen in the pair distribution function
self-consistently contains fluctuations which allow sufficient relaxation to achieve a steady
microstructure. The shear-induced relative diffusion in the radial direction contains the
only truly tuned fitting parameter in the theory, and this illustrates its centrality to the
description of the microscopic dynamics. The shear-induced diffusivity has been simply
modeled here, owing to lack of concrete information. Simulational evaluation of the pair
relative diffusivity for varying Pe and ¢ appears to be a valuable avenue of study.

The rheological predictions of the theory are qualitatively in agreement with all major
observations from simulation and experiment, or predictions of theory where applicable.
We predict shear thinning and thickening. The normal stress differences determined are
in agreement with theoretical expectations (Brady & Vicic 1995) for Pe < 1, with this
theory extended in the present work. At elevated Pe, the predicted structure deviates
from the simulationally determined structure, but predicts the tendency for particles to
align along the flow direction for ¢ > 0.35, as noted previously by Morris & Katyal
(2002). The predictions of the rheology thus deviate from the simulation results. We
find that the theory agrees progressively better with simulation results of structure, and
hence of rheology, as ¢ increases. This suggests that the approximations based on the
dominance of near-contact lubrication interactions are sound but must be modified to
obtain quantitative agreement at lower ¢. We have not in this work sought to make

such modifications. Although developed for simple-shear flow, the method is applicable



Electronic Supplementary Material (ESI) for Soft Matter
This journal is © The Royal Society of Chemistry 2012

42 E. Nazockdast, J.F. Morris

to general linear-flow kinematics, i.e. for bulk flows which can be written U>® = G-x
where G is a constant velocity gradient tensor; for other kinematics than simple shear,
abundant simulation results are unfortunately not generally available. A final point to
note is that increasing solid fraction at fixed Pe is found to cause an increase in the pair
distribution function variations, with the contact values especially amplified. This effect
may in part be captured in scaling arguments which seek to rescale the ‘driving force’
— this amounts to a rescaling of the effective shear rate or Pe. However, the structure
is found to differ in a more complex fashion than this with change in ¢ in a sheared
dispersion. The anisotropy at contact develops additional features, with development of
additional peaks (local maxima) for larger ¢, and as noted there is a shift to a maximum
in pair correlation along the streamlines seen in both the theory developed here and
in simulations. This makes a simple scaling of the volume-fraction dependence of the

rheology of dispersions suspect.
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